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A B S T R A C T

We report the generation of spatial rogue waves in the actively Q-switched Nd:YAG laser with several
transverse modes and negligible nonlinear effects in the cavity. We discuss a basic theoretical model that
is able to reproduce the experimental observations of spatial rogue waves in the output Q-switched pulses
as a result of the coherent superposition of transverse modes. The simulated rogue wave statistics depends
on the configuration of the lasing modes and take a more pronounced L-shaped form in the case of highly
anisotropic mode distribution and reduced frequency spacing between the modes. For larger frequency spacing
between the modes, the mode-locking effects result in the periodic dynamics of the transverse beam profile
and formation of spatio-temporal rogue waves. These results indicate that transverse mode-locking and spatial
symmetry breaking through anisotropy in the mode configuration represent factors responsible for spatial rogue
wave emergence in multimode lasers with low nonlinearity.
1. Introduction

Recently, the phenomenon of rogue waves (RWs) has been the focus
of interest in different fields of optics. After the first observation of
optical RWs through supercontinuum generation in a highly nonlinear
fiber [1], they were investigated in various optical systems. Laser
dissipative systems provide well-developed platforms for the study of
RWs [2,3]. Depending on the laser system properties, such types of
rogue waves as temporal, spatial, or spatio-temporal can be observed,
which represent optical pulses with extremely high amplitudes tightly
focused in the corresponding dimensions. It is known that the rogue
wave emergence in lasers is mainly governed by the interplay of gain,
dispersion, and nonlinearity, and can be assisted by spatial effects as
well [2,4,5]. However, the exact role of nonlinearity and spatial effects
in the process of spatial and spatio-temporal RWs formation in lasers
is still under investigation. The study of spatial and spatio-temporal
RWs, apart from being interesting from a physical point of view, has
also an important practical aspect as such kind of events are the most
unpredictable and dangerous ones - in the case of high powers they
may easily lead to the onset of the nonlinear effect of catastrophic
self-focusing and result in the damage of laser elements, which was
observed in real laser systems [6].
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There are different types of nonlinear properties that could be
present in laser systems, including self-focusing, saturable absorption,
thermal nonlinearity, and nonlinear gain competition. Usually, high
self-focusing or saturable absorption nonlinearity is a sufficient factor
for spatial RWs generation in lasers, e.g. due to the effects of fila-
mentation in an amplified Kerr media [7], multiple soliton formation
in fiber lasers with spatiotemporal mode-locking [8,9], and nonlinear
chaotic dynamics of semiconductor lasers with intracavity saturable ab-
sorbers [10,11]. Also, the formation of spatio-temporal extreme events
was observed in high-power solid-state lasers due to the spontaneous
synchronization of laser modes assisted by self-focusing in the active
medium [6].

Nevertheless, there are examples of spatial RWs generation in purely
linear optical systems [4,12–15], indicating that high nonlinearity is
not always necessary for their formation. Typically, such systems pos-
sess several common properties. One of them is a large number of
interacting transverse modes, which makes it possible to obtain diverse
configurations in the spatial domain. Another one is the presence
of some factor that causes correlations or inhomogeneity in the dis-
tribution of the interacting waves characteristics. This could be, for
example, an inaccessible range of values in the phase probability dis-
tribution [12], an inhomogeneous mask in the spatial domain [13], the
vailable online 15 December 2023
030-3992/© 2023 Elsevier Ltd. All rights reserved.

https://doi.org/10.1016/j.optlastec.2023.110458
Received 12 October 2023; Received in revised form 19 November 2023; Accepted
 8 December 2023

https://www.elsevier.com/locate/optlastec
https://www.elsevier.com/locate/optlastec
mailto:r.navitskaya@gmail.com
mailto:alinak@bgu.ac.il
https://doi.org/10.1016/j.optlastec.2023.110458
https://doi.org/10.1016/j.optlastec.2023.110458


Optics and Laser Technology 171 (2024) 110458R. Navitskaya et al.
presence of strong focusing regions in random medium [15], or long-
range correlations between the phases of interfering waves [14]. The
interplay of these two properties can lead to the outstanding L-shaped
statistics characteristic of the observed rogue waves. In a similar way,
linear propagation effects could assist the onset of RWs in nonlinear
systems, which are further enhanced by nonlinearity [4].

In dissipative laser systems, the generation of spatial RWs under
low nonlinearity was experimentally observed in actively Q-switched
Nd:YAG laser operating at multiple transverse mode regime [16]. In
these experiments, the strength of self-focusing and thermal nonlin-
earity was reduced to a negligible level by using relatively small
pump powers. To obtain spatial RWs in the output beam, laser genera-
tion at multiple high-order transverse modes was required, which was
achieved by adjusting the configuration of the laser cavity. However,
several questions still remained open. First, it was not possible to
completely eliminate nonlinearity as nonlinear gain competition is an
intrinsic property of a laser system. Second, the emergence of RWs
was a random effect observed for some positions of the laser mirrors
obtained using manual adjustment and disappeared for different mir-
ror configurations even if all other parameters were kept unchanged.
Therefore, it is not completely clear whether the laser nonlinearity still
plays an important role and exactly which cavity parameters are crucial
for spatial rogue wave emergence.

One of the possible mechanisms that could be responsible for the
onset of spatial and spatio-temporal RWs in multi-mode lasers under
low nonlinearity is the spontaneous synchronization of transverse laser
modes or both transverse and longitudinal modes.

Transverse mode-locking in lasers is a well-known effect, which was
investigated theoretically in early works [17–19]. By analogy with the
longitudinal mode locking, the synchronization of transverse modes
results in a confined field pattern that moves in the transverse plane of
the beam at a frequency defined by the frequency spacing between the
locked modes [17]. The transverse mode locking of high-order Hermite-
Gaussian modes was experimentally demonstrated in an end-pumped
solid-state laser, which resulted in a periodically scanning output beam
with the time-dependent spot size [20].

Besides, the synchronization of both longitudinal and transverse
modes was also investigated. This can be realized either as independent
synchronization of axial modes for each of the transverse modes, so
that there are several independent mode-locked pulses propagating in
the cavity, or as total mode-locking corresponding to a single con-
fined pulse [18]. In the latter case, for certain relations between the
transverse mode frequency spacing and the cavity round-trip time,
the mode-locked pulse can propagate along a closed trajectory in the
cavity, which results in a multi-periodic behavior of the laser. Total
mode locking of such kind was observed experimentally in different
types of lasers, including He–Ne laser [21], CO2 laser [22], Nd3+ glass
laser [23], Yb:CaF2 bulk laser [24], and Ti:Sapphire laser operating
at several transverse modes, which corresponded to period doubling,
tripling and quadrupling for certain cavity configurations [25–27].
In addition, the interaction of multiple transverse modes in the pas-
sively mode-locked solid-state laser can lead to amplitude instabil-
ity in the output pulse train and break-up of the continuous-wave
mode-locking [28]. Transverse mode-locking was demonstrated also in
microcavity lasers [29], VCSELs [30,31], and ultracompact semicon-
ductor lasers [32]. Besides, the physics of spatio-temporal mode-locking
was intensively investigated in multi-mode fiber lasers, indicating the
importance of modal interactions and mode-dependent effects in the
complex laser dynamics [8,9,33,34]. It was shown that transverse mode
configuration affects the spatio-temporal build-up dynamics, resulting
in different modal content of multiple dissipative solitons [34].

In large aperture lasers operating in the multi-mode regime, e.g.
lasers with relatively high Fresnel number, spatially complex output
beam patterns were observed as a result of the coupled dynamics of
many modes. Usually, the dynamics in such lasers is investigated in
2

Fig. 1. Schematic of the actively Q-switched laser considered in the simulation. HR:
highly-reflective concave mirror, Nd:YAG: laser active element with flashlamp pumping,
EOC: electro-optic shutter, OC: flat output mirror.

terms of time-averaged patterns. In such case, the presence of trans-
verse mode-locking can be indicated by symmetry breaking in the
averaged patterns [35], which means that a coherent superposition of
the laser modes takes place. Besides, it was experimentally observed
that broad-area lasers can exhibit fast spatial dynamics. For example,
in CO2 laser dynamically changing patterns including bright filaments
were observed, which were different from the regular time-averaged
intensity patterns [36]. In such patterns, the filaments were randomly
distributed and had lifetimes of about 2 ns. A dynamic transition of
laser patterns from a boundary-controlled to a turbulent-like regime
was experimentally observed in a broad-area Nd:YAG laser with Fresnel
number about 50 [37]. Depending on the pump power, which deter-
mined the strength of the laser nonlinearity, the time required for such
a transition was about tens of μs or less.

Thus, multiple experimental observations and theoretical studies
indicate that different types of multi-mode lasers can exhibit out-
standing spatio-temporal dynamics, which is especially pronounced in
broad-area lasers supporting a large number of transverse modes. In
such kinds of lasers operating in specific multi-mode regimes, there
is a tendency for hot spots formation that could transform into spa-
tial rogue waves under certain conditions favorable for spontaneous
mode-locking.

Aided by this knowledge, in this paper we investigate the possibility
of spatial RWs generation as a result of spontaneous transverse mode
locking in a multi-mode solid-state laser. We consider an actively
Q-switched Nd:YAG laser with a setup described in our previous ex-
periments [16], where the observed transverse beam profiles were
measured by a camera and corresponded to averaged beam patterns
integrated over the entire Q-switched pulse length.

We explore a simple theoretical model based on the laser rate
equations that could be used to calculate the output laser beam pro-
file in a setup shown in Fig. 1 mimicking the experimental condi-
tions [16]. We investigate the rogue wave statistics depending on
the laser mode configuration and frequency separation between the
transverse modes, which is considered a free parameter depending on
the cavity configuration (e.g. positions of the mirrors).

2. Theory

To simulate the generation of spatial RWs and investigate their
properties, the temporal and spatial dynamics of the output laser beam
need to be calculated. Advanced simulations of spatio-temporal effects
and dynamics of the transverse beam profile in lasers can be performed
using the Maxwell–Bloch equations [35–39]. This model is relevant for
the case of class-B multi-mode lasers, such as some solid-state ones,
where the dynamics of the population inversion need to be considered
as its decay rate is comparable to the optical field relaxation rate [38].
In the case of class-A lasers, when polarization and population inversion
decay significantly faster than the optical field, the Maxwell–Bloch
equations can be reduced to the complex Ginzburg–Landau equation,
which is typically used for the fiber laser modeling [38,40].

Although the Maxwell–Bloch model provides an advanced means
for simulation and analysis of the laser transverse dynamics, it is quite
complex and computationally expensive. This could make it difficult to
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adjust the model parameters to reproduce the behavior of a realistic
laser system. In addition, the analysis of rogue wave statistics and
properties requires thousands of simulation iterations to obtain data for
different laser system parameters and initial conditions, which would
take a great deal of time using such a complex model. Therefore, a
more simple model would be desirable that could be used to describe
the spatial rogue waves emergence in laser systems.

One of the approaches to perform the simplified analysis is based on
the direct superposition of the laser transverse modes, e.g. from a set of
Hermite-Gaussian (HG) or Laguerre-Gaussian (LG) modes with different
amplitudes and phases [29]. Usually, the transverse modes of the laser
cavity are well described by HG modes for rectangular geometry or LG
modes for circular geometry [41].

In general, the operation regime of a multi-mode laser depends on
the number of supported transverse modes and the frequency separa-
tion between them [35,37]. The number of transverse modes that can
oscillate in the laser cavity can be estimated by the Fresnel number,
which is the ratio between the cavity aperture area and the fundamen-
tal mode area [35] 𝐹 = (𝑏∕2)2∕(𝜆𝐿). Here 𝑏 is the transverse size of
the aperture in the cavity, 𝐿 is the cavity optical length and 𝜆 is the
wavelength. The Fresnel number determines the maximal index of the
supported transverse mode.

The frequency of a longitudinal mode 𝑞 corresponding to a trans-
verse 𝑇𝐸𝑀𝑚𝑛 mode is given by [41,42]

𝜈𝑞𝑚𝑛 = [𝑞 + 𝑞′ arccos(
√

𝑔1𝑔2)∕𝜋]
𝑐
2𝐿

(1)

here 𝑔1, 𝑔2 stand for the cavity parameters and 𝑞′ is the total trans-
erse modal number that depends on the symmetry of the problem. It
s equal to 𝑞′ = 𝑚+𝑛+1 for HG modes and 𝑞′ = 2𝑚+𝑛+1 for LG modes,
here 𝑚 and 𝑛 define two transverse mode numbers for HG modes or

adial and azimuthal modal indices for LG modes.
Regardless of the symmetry, for the plano-concave cavity configu-

ation 𝑔1 = 1 and 𝑔2 = 1 − 𝐿∕𝑅, so the frequency separation between
ransverse modes is given by

𝜈𝑡 =
𝑐

2𝜋𝐿
arccos(

√

1 − 𝐿∕𝑅) (2)

here 𝑅 is the radius of the concave mirror.
Usually, the superposition of transverse modes is considered within

he same degenerate family (equal values of 𝑞′) as this corresponds
o stationary beam patterns, which cannot be obtained by coupling of
ransverse modes from different families due to different optical fre-
uencies of the modes [29]. However here we will consider a different
ase, namely a coherent superposition of different transverse modes to
nalyze dynamically changing output beam patterns that may contain
patial or spatio-temporal rogue waves.

Thus, the total near-field amplitude and intensity distributions can
e represented through a sum of modal fields with slowly varying
mplitudes 𝐴𝑞𝑚𝑛, frequencies 𝜈𝑞𝑚𝑛, and phases 𝜙𝑞𝑚𝑛 [20]:

(𝑥, 𝑦, 𝑧, 𝑡) =
∑

𝑞,𝑚,𝑛
𝐴𝑞𝑚𝑛(𝑡)𝑈𝑚𝑛(𝑥, 𝑦, 𝑧)𝑒

2𝜋𝑖𝜈𝑞𝑚𝑛𝑡+𝑖𝜙𝑞𝑚𝑛 (3)

(𝑥, 𝑦, 𝑧, 𝑡) = |𝐸(𝑥, 𝑦, 𝑧, 𝑡)|2 (4)

ere, the transverse field distributions 𝑈𝑚𝑛(𝑥, 𝑦, 𝑧) can correspond to
ny given set of laser modes, HG or LG. For a laser operating in the
-switched regime, the functions 𝐴𝑞𝑚𝑛(𝑡) correspond to the amplitudes
f the Q-switched pulses for different lasing modes.

The time-averaged intensity distribution is given by:

𝑎𝑣𝑒𝑟𝑎𝑔𝑒(𝑥, 𝑦, 𝑧) =
1
𝑇𝑒𝑥𝑝 ∫

𝑇𝑒𝑥𝑝

0
𝐼(𝑥, 𝑦, 𝑧, 𝑡)𝑑𝑡 (5)

where 𝑇𝑒𝑥𝑝 was chosen to be larger than the Q-switched pulse duration
to match the experimental conditions [16], where a camera captured
the average intensity profile of the beam integrated over the entire Q-
switched pulse length. The values of 𝑇𝑒𝑥𝑝 used in the simulation were
about 0.25-1 μs depending on the input parameters.
3

r

The mode-dependent amplitudes can be calculated using the rate
equations (6) written for the case of a 4-level solid-state laser [42]:
𝑑𝑆𝑞𝑚𝑛
𝑑𝑡

=
𝑆𝑞𝑚𝑛
𝑇𝑐

[

𝑙𝜎𝑒(𝑁2 −𝑁1) − 0.5 ln(1∕𝜌) − 𝛾𝑞𝑚𝑛 − 𝛾𝐸𝑂𝐶 (𝑡)
]

𝑑𝑁1
𝑑𝑡

= 𝜎𝑒
∑

𝑞,𝑚,𝑛
𝑆𝑞𝑚𝑛(𝑁2 −𝑁1) −

𝑁1
𝜏1

+
𝑁2
𝜏2

𝑑𝑁2
𝑑𝑡

= 𝜎𝑒
∑

𝑞,𝑚,𝑛
𝑆𝑞𝑚𝑛(𝑁1 −𝑁2) −

𝑁2
𝜏2

+
𝑁3
𝜏3

𝑑𝑁3
𝑑𝑡

= 𝜎𝑎𝑆𝑝𝑢𝑚𝑝(𝑁𝑡 −𝑁1 −𝑁2 −𝑁3) −
𝑁3
𝜏3

(6)

Here 𝑁1, 𝑁2, 𝑁3 and 𝑆𝑞𝑚𝑛 stand for the carrier densities and mode-
dependent photon flux densities in the cavity averaged over the cavity
single-trip time 𝑇𝑐 = 𝐿∕𝑐, 𝑙 is the active medium pump length equal
to the laser crystal length, 𝑁𝑡 is the total density of Nd3+ ions, 𝜏𝑖
efine lifetimes at the active medium energy levels, 𝜎𝑎 and 𝜎𝑒 stand

for the absorption and emission cross-sections, 𝜌 is the output mirror
reflection coefficient, 𝛾𝑞𝑚𝑛 characterize the mode-dependent losses in
the cavity, and 𝛾𝐸𝑂𝐶 stands for the time-dependent losses introduced
by the electro-optic crystal that is used to perform active Q-switching.
It is described by a step-function, where 𝑇𝐸𝑂𝐶 defines the moment of
time when the active shutter switches off:

𝛾𝐸𝑂𝐶 (𝑡) =
{

1, 𝑡 < 𝑇𝐸𝑂𝐶
0, 𝑡 ≥ 𝑇𝐸𝑂𝐶 .

(7)

The quantity 𝑆𝑝𝑢𝑚𝑝 is the pump photon flux density that is consid-
ered equal for all transverse modes (assuming uniform pumping over
the crystal surface and in time). It is calculated as

𝑆𝑝𝑢𝑚𝑝 =
𝑃𝑝𝑢𝑚𝑝
𝑠𝑝𝑢𝑚𝑝ℎ𝜈𝑎

=
𝜂𝐸𝑝𝑢𝑚𝑝∕𝑇𝑝𝑢𝑚𝑝
𝜋𝑑𝑙𝑝𝑢𝑚𝑝ℎ𝜈𝑎

(8)

where 𝑃𝑝𝑢𝑚𝑝 = 𝜂𝐸𝑝𝑢𝑚𝑝∕𝑇𝑝𝑢𝑚𝑝 is the pump power defined through the
pump energy 𝐸𝑝𝑢𝑚𝑝, duration of the pump pulse 𝑇𝑝𝑢𝑚𝑝, and the radiation
absorption efficiency 𝜂, 𝑠𝑝𝑢𝑚𝑝 = 𝜋𝑑𝑙𝑝𝑢𝑚𝑝 is the radiated area of the
crystal with the diameter 𝑑, and ℎ𝜈𝑎 is the energy of the absorbed
hoton.

Finally the mode-dependent amplitudes of the output Q-switched
ulses are calculated through the photon flux densities in the cavity as

𝑞𝑚𝑛(𝑡) =
√

𝑘𝑜𝑢𝑡𝑆𝑞𝑚𝑛(𝑡)ℎ𝜈𝑒 (9)

here 𝑘𝑜𝑢𝑡 = 0.5 ln(1∕𝜌) is the fraction of photons emitted through the
utput mirror, and ℎ𝜈𝑒 is the energy of the emitted photon.

The Eqs. (6)–(9) represent the simplest model for the analysis of a
-switched solid-state laser generation at multiple transverse modes.
he rate equations (6) are derived assuming averaged effects of all
omponents in the cavity over the round trip time. The modal inter-
ctions in the active medium are not considered, so we are neglecting
he effects of nonlinear gain competition in the simulation. The only
arameters that could lead to the mode-dependent profiles of the
utput Q-switched pulses in our model are mode-dependent losses 𝛾𝑞𝑚𝑛
nd initial photon flux densities 𝑆𝑞𝑚𝑛(𝑡 = 0).

Using the model described above, we investigate the possibility
f spatial rogue waves generation due to the spontaneous transverse
ode-locking in the actively Q-switched Nd:YAG laser. The laser pa-

ameters used in the model are based on the prototype laser setup
nvolved in the experiments [16] and are described in Table 1. A
chematic of the laser setup is shown in Fig. 1.

The mode-dependent profiles of Q-switched pulses were calculated
sing Eqs. (6)–(9) for the laser parameters summarized in Table 1. To
eproduce the average temporal profile of output Q-switched pulses ob-
erved in the experiments (specifically, its full width at half maximum),
e adjusted the radiation absorption efficiency 𝜂. For minimal pump

nergy of 7 J that was required to obtain spatial rogue waves generation
n the experiments [16], the observed FWHM was about 55 ns, which
orresponded to 𝜂 = 1.7% in the simulations. In the considered theo-

etical model the nonlinear mode competition effects are neglected, so



Optics and Laser Technology 171 (2024) 110458R. Navitskaya et al.
Fig. 2. (a) Lasing modes considered in the simulation; (b) output beam patterns observed in the experiments [16].
Table 1
Nd:YAG laser parameters used in the simulations.

Parameter Value

Cavity optical length 𝐿 0.782 m
Curvature of the concave mirror 𝑅 3.6 m
Output mirror reflection coefficient 𝜌 0.63
Pump energy 𝐸𝑝𝑢𝑚𝑝 7 J
Duration of the pump pulse 𝑇𝑝𝑢𝑚𝑝 300 μs
Active shutter switching time 𝑇𝐸𝑂𝐶 150 μs
Nd:YAG crystal length 𝑙 10 cm
Nd:YAG crystal diameter 𝑑 0.5 cm
Pump wavelength 𝜆𝑎 808 nm
Generation wavelength 𝜆𝑒 1064 nm
Absorption cross-section 𝜎𝑎 7.7 ⋅ 10−20 cm2

Emission cross-section 𝜎𝑒 28 ⋅ 10−20 cm2

Total density of Nd3+ ions 𝑁𝑡 1.38 ⋅ 1020 cm−3

Lifetime at 4𝐹5∕2 level 𝜏3 10 ns
Lifetime at 4𝐹3∕2 level 𝜏2 230 μs
Lifetime at 4𝐼11∕2 level 𝜏1 30 ns

the average power of the output Q-switched pulses has no effect on the
beam intensity distribution as long as the normalized intensity statistics
is considered. Therefore, this parameter was not taken into account
in comparison of the experimental results and simulations. Besides,
variations of the peak power of the output Q-switched pulses relative
to the average were neglected as well, since their values observed in
the experiments were not significant (less than 10%).

For simplicity, we assumed a single longitudinal mode and set the
longitudinal mode order 𝑞 to 0 for all transverse modes. Thus, we lim-
ited the analysis to spontaneous synchronization of transverse modes
only, while simultaneous locking of both longitudinal and transverse
modes is left for future studies.

In the experiments in [16], the number and order of modes was
controlled by a circular iris diaphragm, so that the Laguerre-Gaussian
mode basis appears to be more suitable to represent the experimental
beam profiles. Thus, transverse mode profiles 𝑈𝑚𝑛(𝑟, 𝑧, 𝜙) were assumed
to be described by Laguerre-Gaussian modes with different values of
radial and azimuthal indices 𝑚 and 𝑛 in cylindrical coordinates [29,41]:

𝑈𝑚𝑛(𝑟, 𝑧, 𝜙) = 𝑈𝐿𝐺
𝑚𝑛 (𝑟, 𝑧)𝑒

𝑖𝑛𝜙

𝑈𝐿𝐺
𝑚𝑛 (𝑟, 𝑧) =

𝐶𝐿𝐺𝑚𝑛
𝑤

(
√

2𝑟
𝑤

)

|𝑛|

𝑒−
𝑟2

𝑤2 𝐿|𝑛|
𝑚

(

2𝑟2

𝑤2

)

×

𝑒
−𝑖𝑘

(

𝑧+ 𝑟2
2𝑅(𝑧)

)

+𝑖(2𝑚+|𝑛|+1)𝜓(𝑧)

(10)

where 𝐶𝐿𝐺𝑚𝑛 are the normalization constants calculated so that each
mode intensity integrated over its transverse profile is equal to unity,
4

𝐿𝑛𝑚 is the generalized Laguerre polynomial with radial and azimuthal
indices 𝑚 and 𝑛, 𝑤 = 𝑤0

√

1 + (𝑧∕𝑧𝑅)2 and 𝑅(𝑧) = 𝑧(1 + (𝑧𝑅∕𝑧)2) define
the beam effective radius and radius of curvature of the phase front
at distance 𝑧 respectively, 𝜓(𝑧) = arctan(𝑧∕𝑧𝑅) is the Gouy phase shift,
𝑧𝑅 = 𝜋𝑤2

0∕𝜆𝑒 is the Rayleigh length, and 𝑤0 is the waist radius of the
fundamental mode. It can be estimated by the ideal cavity configuration
as 𝑤0 =

√

𝐿𝜆∕𝜋(1 − 𝐿∕𝑅)1∕4 and equals to 0.48 mm. In the ideal
case of experimental configuration, the beam waist is located at the
output mirror with a flat surface, while the averaged beam profiles were
captured by the camera located at 41 cm from the output mirror. Thus,
in the simulations, the LG modes are defined at 𝑧 = 0.4 m to match the
experimental conditions.

In the future analysis, it will be convenient to consider two degener-
ate LG modes with azimuthal indices ±𝑛 and transform these into two
separate degenerate independent modes (cosine and sine):

𝑈𝐿𝐺,𝑐𝑜𝑠
𝑚𝑛 (𝑟, 𝑧, 𝜙) = 𝑈𝐿𝐺

𝑚𝑛 (𝑟, 𝑧) cos(𝑛𝜙)

𝑈𝐿𝐺,𝑠𝑖𝑛
𝑚𝑛 (𝑟, 𝑧, 𝜙) = 𝑈𝐿𝐺

𝑚𝑛 (𝑟, 𝑧) sin(𝑛𝜙)
(11)

where 𝑛 > 0 is now assumed. This basis is useful for representing the
experimentally observed asymmetrical laser beam profiles as shown in
Fig. 2b. Such beam profiles can appear for some anisotropic cavity
configurations, where there is a dedicated spatial direction favorable
for the generation of modes with a specific orientation (e.g. cosine-
like), while the modes with another configuration are suppressed. In the
simulations, we introduce this effect by different values of diffraction
losses 𝛾𝑐𝑜𝑠 and 𝛾𝑠𝑖𝑛 for cosine and sine modes.

The maximal possible index of the lasing mode can be estimated
from the Fresnel ratio and equals 𝐹 = 8 for the aperture size in the
cavity defined by the diameter of the Nd:YAG crystal (not limited by
a diaphragm). In what follows, we consider 7 degenerate LG modes
corresponding to 14 modes with cos- and sin-configurations taken as
separate modes plus a fundamental Gaussian mode with 𝑚 = 𝑛 = 0.
The mode set used in the simulations is shown in Fig. 2a. It was
defined to match the most pronounced mode profiles observed in the
experiments (Fig. 2b). Fig. 3 shows temporal profiles of the total and
mode-dependent output Q-switched pulses obtained in the simulations
for equal and different losses for cos- and sin-modes.

For an ideal plano-concave cavity configuration, when there are
no mirror misalignments or other aberrations, the minimal frequency
separation between transverse modes according to (2) is 𝛥𝜈𝑡 = 29.6
MHz, which corresponds to the beating period 𝑇𝑡 = 1∕𝛥𝜈𝑡 = 33.8 ns.
To obtain the rogue wave generation in experiments, a specific cavity
configuration was required, which was obtained by adjusting the mirror
positions (specifically, by introducing tilts in different directions). In
this case, the cavity parameters 𝑔1 and 𝑔2 become different from the
ones for the unperturbed cavity, which affects the mode frequencies
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Fig. 3. Calculated temporal profiles of the output Q-switched pulses for (a) losses equal to 0.01 for all modes; (b) losses equal to 0.01 for cos-like modes and 0.04 for sin-like
modes.
Fig. 4. Statistics of (a) intensity and (b) peak intensity over the beam profile for different values of losses in the cavity for modes with sine configuration; example output beam
profiles (intensity relative to average) obtained in the simulation for (c) equal losses of 0.01 for all modes and (d) losses equal to 1 for modes with sine configuration (no spatial
RWs are observed). Dashed lines indicate the rogue wave limits. The frequency separation between transverse modes is 29.6 MHz.
accordingly. To consider this effect in the simulations, we assume the
frequency separation between transverse modes to be a free parameter
that changes in the range from 0 to its maximal value of 𝑐∕(2𝐿). This
range of values is defined by the cavity stability conditions correspond-
ing to 0 < 𝑔1𝑔2 < 1. The frequencies of the transverse modes are then
given by (1) for 𝑞′ = 2𝑚 + 𝑛 + 1.

The initial phases of the modes 𝜙𝑚𝑛 are assumed to be randomly
distributed in the range from 0 to 2𝜋 and uncorrelated for different
modes and realizations of a Q-switched pulse.

3. Results

Our main result is that the frequency separation between transverse
modes and anisotropy in the laser mode configuration represent two
5

main factors that could affect the appearance of the rogue waves in
our model and the corresponding experiments in [16]. To demonstrate
this, we performed a number of simulations for different values of 𝛥𝜈𝑡
and losses for all modes with sine configuration 𝛾𝑠𝑖𝑛, while the losses
for cosine-like modes 𝛾𝑐𝑜𝑠 were set unchanged and equal to 0.01. For
each of the input parameter sets, 1000 time-averaged intensity profiles
𝐼𝑎𝑣𝑒𝑟𝑎𝑔𝑒(𝑥, 𝑦) were obtained for different realizations of random initial
phases of the transverse modes. We analyzed the rogue wave statistics
in terms of two distributions. First is the distribution of intensity over
all simulated beam profiles (2D distribution), which is characterized
by the kurtosis parameter 𝐾. For fully developed speckle, the intensity
statistics is described by a negative exponential distribution that has
𝐾 = 9, while the statistics of real and imaginary parts are described by
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Fig. 5. Statistics of (a) intensity and (b) peak intensity over the beam profile for different values of losses in the cavity for modes with sine configuration; example output beam
profiles (intensity relative to average) obtained in the simulation for (c) equal losses of 0.01 for all modes and (d) losses equal to 1 for modes with sine configuration (beam
profiles with spatial RWs are shown in the rightmost columns). Dashed lines indicate the rogue wave limits. The frequency separation between transverse modes is 1 MHz.
Fig. 6. Dependence of (a) kurtosis and (b) relative number of RWs on the frequency separation between transverse modes for different values of losses in the cavity for modes
with sine configuration.
a normal distribution with 𝐾 = 3 [43]. Thus, 𝐾> 9 characterizes an L-
shaped intensity distribution deviating from the negative exponential
one. Second is the distribution of peak intensities over the averaged
beam profiles that gives information about the relative number of
events corresponding to spatial RWs in the beam cross-section. The
rogue wave limit was calculated from the 2D intensity distribution
as 𝐼𝑅𝑊 = (2𝐴𝑆𝑊𝐻 )2, where 𝐴𝑆𝑊𝐻 is the significant wave height for
amplitudes. Background intensity values smaller than 0.1⟨𝐼𝑚𝑎𝑥⟩ were
discarded from the statistics.

Figs. 4–5 show the intensity statistics and random realizations of
output beam profiles for two different values of frequency separation
between the modes equal to 29.6 MHz and 1 MHz, respectively. Be-
sides, Fig. 6 illustrates the dependence of kurtosis of the 2D intensity
distribution and relative number of events containing RWs, 𝜀𝑅𝑊 on the
frequency separation between transverse modes 𝛥𝜈 . Two limiting cases
6

𝑡

of laser mode configurations are considered here: the most isotropic
case, which corresponds to 𝛾𝑠𝑖𝑛 = 𝛾𝑐𝑜𝑠 = 0.01 (losses are equal for all 15
modes), and the most anisotropic one, when 𝛾𝑐𝑜𝑠 = 0.01 and 𝛾𝑠𝑖𝑛 = 1
leading to negligible intensities of modes with sine configurations.
From Fig. 6 one can see that in both cases the values of kurtosis and rel-
ative number of RWs increase with decreasing the frequency separation
between modes (increasing the period of beating). Two representative
values of 𝛥𝜈𝑡 in Figs. 4–5 correspond to two asymptotic values of
kurtosis and 𝜀𝑅𝑊 in Fig. 6. Fig. 4 illustrates an example of 𝛥𝜈𝑡 = 29.6
MHz (𝑇𝑡 = 33.8 ns), which refers to an ideal cavity configuration. In
this case the period of beating is small enough relatively to the Q-
switched pulse duration (< 100 ns) and there are no spatial rogue waves
in the output beam patterns as all beating effects between the modes
are averaged out. Thus, the random beam patterns are similar to each
other and do not exhibit strong intensity fluctuations. The opposite
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Fig. 7. Dependence of (a) kurtosis and (b) relative number of RWs on the difference of losses for sine and cosine modes. The frequency separation between transverse modes is
1 MHz.
Fig. 8. (a) Temporal profiles of peak and spatially averaged intensity of the output beam normalized to their maximal values; (b) output beam profile averaged over the Q-switched
pulse duration; (c) instantaneous output beam profile corresponding to maximal peak intensity (t = 97 ns). Output beam profiles in (b) and (c) are normalized to the value of
<I> from Fig. 4a. The frequency separation between transverse modes is 29.6 MHz, and losses for sin-modes are equal to 1.
case is shown in Fig. 5 for 𝜈𝑡 = 1 MHz and the period of beating
𝑇𝑡 = 1 μs, which is much larger than the Q-switched pulse duration.
Under such conditions, the beating effects between the modes are not
averaged out in the output beam profiles and random beam patterns
vary significantly depending of the initial phases of the transverse
modes. For specific values of initial phases 𝜙𝑚𝑛, spontaneous mode-
locking occurs and an intense spatial rogue wave is formed as a result
of constructive superposition of the modes with close locations of hot
spots.

In addition, it can be seen from Fig. 6 that the values of kurtosis
and relative number of RWs are about 1.5–2 times larger for 𝛾𝑠𝑖𝑛 = 1
compared to 𝛾𝑠𝑖𝑛 = 0.01. This indicates that anisotropic beam config-
urations are more favorable for spatial rogue waves formation in the
time-averaged beam profiles.

The dependence of kurtosis and relative number of rogue wave
events on the difference of losses in the cavity for sine and cosine
modes is shown in Fig. 7. Both dependencies exhibit an almost linear
growth till a limiting value of the loss difference 𝛥𝛾 = 0.14, correspond-
ing to negligible intensities of sin-modes compared to cos-modes. For
increased losses for sin-modes, their corresponding Q-switched pulses
have a reduced intensity and are generated later in time relative to
Q-switched pulses for cos-modes, as demonstrated in an example in
Fig. 3b. This leads to incoherent combinations of modes with differ-
ent configurations and higher anisotropy in the output beam profiles,
which is favorable for spatial RWs generation.

The results presented above were calculated for a specific case
of output beam profiles averaged in time over the Q-switched pulse
length. This allows for analyzing the formation of spatial rogue waves,
but does not give any information about the temporal dynamics of
rogue waves. To investigate this question, we calculated the time
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dependence of the peak intensity and spatially averaged intensity over
the beam profile during the Q-switched pulse duration. Fig. 8a and
Fig. 9a show examples of such dependencies for frequency spacing
between the modes of 29.6 MHz and 1 MHz, respectively, and the
most anisotropic mode configuration with only cos-modes involved in
the laser generation (𝛾𝑠𝑖𝑛 = 1). The time-averaged output beam profiles
and instantaneous beam profiles at the time moments corresponding to
maximal peak intensity are shown in Fig. 8b,c and Fig. 9b,c. It is seen
that in the case of small frequency separation between the modes (1
MHz in Fig. 9) the peak intensity and the spatially averaged intensity
have very similar dependence on time, and the spatial structure of the
output beam profile is almost unchanged during the Q-switched pulse
generation. A spatial RW observed in the output beam profile has a
lifetime close to the Q-switched pulse duration and a peak intensity
almost 4 times higher than its time-averaged value. In contrast, the
case of higher frequency separation between the modes presented in
Fig. 8 indicates that the peak intensity over the beam profile can
have specific time dynamics different from the one of the spatially-
averaged intensity. It exhibits periodic behavior with several peaks
and the period is equal to the period of beating between the modes
(about 17 ns). Thus, the transverse beam profile is not stationary and
changes considerably within the Q-switched pulse duration. A spatial
rogue wave depicted in the instantaneous output beam profile (Fig. 8c)
exists only during several ns and has the maximal intensity almost 15
times higher than the maximal intensity of the time-averaged beam
profile, which does not contain any rogue waves. Thus, such spatial
RW is actually a spatio-temporal rogue wave that emerges during
the laser generation due to the spontaneous mode-locking effects but
cannot be observed in the time-averaged beam profile captured by the
camera. To detect and analyze these events experimentally, high-speed
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Fig. 9. (a) Temporal profiles of peak and spatially averaged intensity of the output beam normalized to their maximal values; (b) output beam profile averaged over the Q-switched
pulse duration; (c) instantaneous output beam profile corresponding to maximal peak intensity (t=90 ns). Output beam profiles in (b) and (c) are normalized to the value of <I>
from Fig. 5a. The frequency separation between transverse modes is 1 MHz, and losses for sin-modes are equal to 1.
photodetectors could be used along with special techniques such as
spatial sampling and dispersive Fourier transformation, as described
e.g. in [34].

4. Discussion

The theoretical model described in Section 2 is capable of reproduc-
ing spatial RWs generation in the time-averaged output laser beams
with similar properties to those observed in the experiments as well
as investigating the time dynamics of the transverse beam profiles.
Specifically, the calculated values of kurtosis are close to the ones
obtained in the experiments as well as the shape of 2D intensity PDFs.
For frequency spacing between the modes less than several MHz, the
calculated kurtosis values are larger than 9 indicating that 2D intensity
distributions deviate from the negative exponential one and have a
more pronounced L-shaped form.

Although the experimentally observed output beam profiles are
not exactly reproduced by theoretical calculations, they exhibit similar
peak intensities and hot spot sizes. The differences may be explained by
non-exact representation of experimental mode profiles by LG modes
as well as different losses for all modes, not only cos- and sin-like
groups of modes. Besides, the maximal calculated probability of RWs
generation is about 10% depending on the mode configuration, which
is higher than observed experimentally (less than 1%). This may in-
dicate that in experiments the frequency spacing between modes was
relatively high leading to a smaller probability of RWs emergence.
Also, only a subset of transverse modes could have been synchronized
during the laser generation, while the other modes were interacting
incoherently. This hypothesis or partial mode-locking is supported by
experimental measurements of time dynamics and spatial coherence of
the output laser beams, showing features characteristic of mode-locking
effects [16]. Thus, coherent superposition of modes represents one of
the mechanisms responsible for the spatial rogue wave generation in
lasers. This observation is also supported by other studies, e.g. [15],
where spatial RWs were generated for the case of partially developed
speckle and caustic structures evolving from the coherent field with
random phase.

Besides, the proposed theoretical model shows that in the case of a
considerable frequency spacing between the modes the transverse beam
profile can change dynamically and have a specific periodic time depen-
dence of the peak intensity throughout the hot spots. The lifetimes of
these hot spots can be in the order of several ns, which is much less than
the entire Q-switched pulse duration. Such effect was also observed
experimentally for beam profiles with well-developed speckle structure
with and without spatial RWs [16]. However, the time resolution of
the proposed theoretical model is limited by the cavity round-trip
time (several ns). Besides, here we considered a simplified case of
the transverse mode-locking assuming the laser generation at only one
longitudinal mode. Simultaneous synchronization of both longitudinal
and transverse modes could result in more complex temporal dynamics
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of the beam profile with periodic oscillations defined by the cavity
round-trip time, which was indeed observed experimentally [16]. Thus,
a more detailed analysis of the spatio-temporal mode-locking effects
and RWs dynamics is left for future studies.

The last important observation refers to the dependence of RWs
statistics on the mode configuration. Anisotropic mode configuration
leads to a higher probability of RWs generation and higher values
of kurtosis for intensity statistics than isotropic one. This effect was
also noted in experimental studies [16]. In the laser setup, this can
be obtained by introducing specific alignments of the cavity mirrors
corresponding to different tilts and displacements in orthogonal axes.
Thus, anisotropy of the mode configuration represents one of the
symmetry-breaking mechanisms, which is favorable for spatial RWs
emergence.

5. Conclusions

To conclude, we applied a simple theoretical model to simulate
spatial and spatio-temporal rogue waves generation in an actively Q-
switched solid-state laser with multiple transverse modes. Based on the
modal representation of the total optical field in the cavity and rate
equations for a point-like active medium, the model allows for simu-
lating the mode-dependent Q-switched pulse generation neglecting the
effect of nonlinear mode competition. Under such conditions, indicating
the absence of nonlinear effects in the laser cavity, we show that spatial
RWs can still be generated in the time-averaged output beam profiles
depending on the values of certain laser parameters. One of such
parameters is frequency spacing between transverse modes, which, if
reduced, causes the transverse mode-locking leading to the formation
of stationary hot spots in the output beam profiles. In the case of higher
values of the frequency spacing, the spatial beam distribution exhibits
oscillating time dynamics with the tendency to form transient spatio-
temporal rogue waves. Another important parameter is the anisotropy
of the mode configuration, which leads to spatial symmetry breaking
in the system and considerably increases the probability of RWs gen-
eration. Such observations suggest that transverse mode locking and
spatial anisotropy of the mode configuration represent factors leading
to RWs formation in multimode lasers even with negligible nonlinear
effects.
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