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Arbitrary single-qubit rotations on chip with twisted waveguides
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Integrated photonics is a remarkable platform for the realization of quantum computations due to its flexibil-
ity and scalability. Here we propose a novel paradigm exploiting twisted waveguides as a building block for
polarization-encoded quantum photonic computations on a chip. We unveil a transformation (gate) matrix in
the closed form and demonstrate that twisted waveguides can implement arbitrary Bloch sphere rotations. The
outcomes of this research may open a new direction in the development of quantum computing architectures on

a chip.

Introduction The seminal work by Kanill, Laflamme, and
Milburn (KLM) [1] where the authors proposed a scalable
quantum computation protocol using purely linear optics has
boosted the exploration of photonics as a platform for im-
plementing quantum information processing. Since the first
demonstration of the quantum controlled-NOT (CNOT) gate
using the KLM protocol on silicon-on-silica chip in 2008 by
Politi et al [2] integrated photonics is considered the most
promising platform for implementing scalable quantum infor-
mation processing due to its flexibility in light manipulation
in a highly controllable manner [3| 4] and has already reached
the level of maturity to allow creating large-scale reconfig-
urable quantum circuits involving a dozen of qubits [S].

To encode information in a single photon one must use its
physical degrees of freedom such as path, momentum, angu-
lar momentum, and polarization. For reaching a higher in-
formation processing capability per chip footprint it is desir-
able to make use of the maximum possible number of them.
Photon polarization is an always-available natural degree of
freedom and is thus among the most widely used encoding
mechanisms. To benefit from using an integrated platform it
is crucial to perform most or ideally all light manipulations on
a chip as most losses occur at a stage of coupling light into a
chip or from a chip. However, despite the recognized strength
of integrated photonics in controlling light, manipulation of
polarization on a chip yet remains elusive. Although inte-
grated photonic polarization-encoded CNOT gate has been
demonstrated in laser-written chips, the polarization manip-
ulation in the reported works [6H8] was performed using ei-
ther bulk or fiber optics. On-chip polarization manipulation
schemes based on tilted basis waveguides are typically used
serving as waveplates [9} [10] where the waveguide symmetry
axis is the optical axis. Such schemes, however, suffer from a
number of drawbacks: they are extremely sensitive to fabrica-
tion intolerances and due to the cross-section mismatch with
normal waveguides exhibit significant coupling losses [L1]].

A polarization manipulation scheme using carefully de-
signed tapered AlGaAs waveguides performing +45° to cir-
cular polarization converter — a quarter waveplate — was pro-
posed by Maltese et al [[12]]. However, this approach is not
general and lacks a closed-form description forcing one to per-

form numerical simulations for any particular design.

It was already recognized in 1979 by |Ulrich and Simon|that
nontrivial polarization dynamics occur in twisted birefringent
fibers [13]] due to the interplay of linear and circular bire-
fringence, where the former is caused, e.g., by core elliptic-
ity or stress, while the latter is the topological effect owing
to twisting as was discussed also in the later works [14} [15]].
Due to the recent advances in integrated photonics fabrica-
tion technology, especially, in the above-mentioned laser writ-
ing, the integrated photonic counterparts of twisted fibers —
twisted waveguides — have become reality and has already
been suggested as adiabatic polarization rotators [[16H18]. The
key advantage of twisted waveguides compared to alterna-
tive schemes is broadband operation and relaxed constraints
on fabrication [17]. As we aim to demonstrate in this letter,
twisted waveguides due to their structural elliptical birefrin-
gence are capable not only of rotation of linear polarization
but rather of general polarization transformation. This allows
us to suggest them as arbitrary unitary gates in polarization-
encoded quantum information processing circuits. An im-
portant strength of twisted waveguides as quantum gates is
that polarization transformations are governed by an intuitive
analytical model. Furthermore, the laser writing technology
within which integrated twisted waveguides are realized in
practice is widely used as a platform for quantum information
processing due to low losses and unique design flexibility [6-
8| 10, [18H21]].

Analytical model of a twisted waveguide Let us consider a
twisted waveguide with a rectangular cross-section and a helix
pitch A as depicted in Fig.[T] It is instructive to use the helical
reference frame associated with the twisted waveguide since
in this frame the waveguide becomes uniform along the lon-
gitudinal coordinate and it becomes possible to split variables
in wave equation and, in turn, define an eigenmode. Thus
defined eigenmodes of the twisted waveguide then can be ap-
proximately represented as a linear combination of the modes
of its straight counterpart in the laboratory frame [22] [23].
This approximation is valid if either the pitch A is much
greater than the beat length for the modes of successive or-
ders or the waveguide is a single-mode one. The modes of
the twisted waveguide |Tﬂ > u =0,1 can be written in the he-



FIG. 1. Transverse basis vectors of the helical ()A(,\A() and laboratory
(X,¥) reference frame.

lical reference frame and, on the other hand, be decomposed
in horizontally and vertically polarized modes |H) and |V) of
the untwisted waveguide (propagation constants f3; and f3,) as
|Tu) = Myo|H) + My V) or

1%0)\ _ 5y (1H)

(o) =4 ()): @
See details in Supplemental Material [24]. Here M =
exp(—ioyy/2) and y = arctan(20t/8f3y), where oy is the
Pauli matrix, @ = 0/L = 27/A is the twist rate, and 6 and
L are the twist angle and length of the twisted waveguide, re-
spectively. Parameter 6y = P, — B, accounts for the linear
birefringence in the untwisted waveguide, the reciprocal quan-
tity to which being the linear beat length Ly = 27/63y. The
expression of the matrix M in terms of the Pauli matrix reveals
its geometric meaning visualized in Fig.[2[(a): the interplay of
the linear birefringence induced by unequal cross-section di-
mensions and topological circular birefringence induced by
twisting [13} [14] rotates the eigenmodes around the x axis
passing through points |A) and |D) in Fig. 2[a) correspond-
ing to £45° states. In the linear birefringence regime, y — 0
corresponds to the "slow" twist Lg/A — 0 and the modes co-
incide with horizontally and vertically polarized modes of the
untwisted waveguide |H) and |V). In the circular birefrin-
gence regime, ¥ = /2 can be associated with the "rapid"
twist behavior, Lg/A — oo, in which the modes are circularly
polarized, |R) and |L) in Fig. 2a). Waveguides with square
or circular cross-sections possess pure circular birefringence,
since the linear one stemming from unequal geometrical di-
mensions vanishes. In any intermediate case, the mode po-
larization is elliptical being the mixture of linear and circu-
lar polarization. Modes propagation constants of the twisted
waveguide can be presented as By | = 3+ 83 /2, where the av-
erage propagation constant is B = (Bo+ B1)/2 = (Bn + B,)/2
and the elliptical birefringence is defined in terms of the linear
birefringence fy and twist rate ¢ as follows

8B =1/8B5 + (20)2. )

The above equation can be depicted geometrically as in the
inset of Fig. b). Propagation constants of the modes ’Tu>~
p =0, 1 are shown in Fig.[2(b). Curiously, here we have repro-
duced the result reported in [25] for twisted photonic crystal
fibers: Eigenvalues diverge due to the topological Zeeman ef-
fect. The crucial difference from that work is that in our case
the eigenvalues do not degenerate in the absence of twisting
due to the presence of the linear birefringence.

Transmission of the eigenmodes of the twisted waveguide
is associated with the phase advance being given by |’cp> —
e~ Pul |T#> or in the matrix form

Bl o

The phase factors are on the diagonal of the matrix D =
exp(—io,¢/2), where o, is the Pauli matrix, ¢ = SPBL is
the accumulated phase difference between the modes (retar-
dance). It should be noted that we have neglected the global
phase factor e PL a5 it does not affect the polarization state.
Both the initial and final polarization can be presented also in
the basis of horizontal and vertical modes, |H) and |V). In
order to transfer to the basis of |H) and |V') we introduce the
transformation (I)) to Eq. (3) and obtain

|H) |H)

<V>> — Dyy (|V>>’ (4)
where Dyy = MTDM and M7 is the Hermitian conjugate
matrix. As we show in Supplemental Material, the matrix
Dyv (¥, ¢) = exp(—i(o,cos y + oy siny)¢/2) results in a ro-
tation around the straight line |7) <+ |7;) shown in Fig. 2{a).
We remind now that the basis modes |H), |V) are polar-
ized along the transverse basis vectors )A(, Y of the helical
reference frame shown in Fig. [l To obtain the gate ma-
trix, we need to transform the components at the output facet
of the waveguide to the laboratory frame. As we demon-
strate in Supplemental Material, the transverse components
in the two frames are related by means of the rotation ma-
trix in the waveguide transverse plane. This rotation corre-
sponds to the rotation of the Bloch sphere around the y axis
(line |L) > |R) in Fig. 2fa)). Then the transmission matrix
in the laboratory frame is the composition of two rotations
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FIG. 2. Eigenvectors (a) and eigenvalues (b) of the eigenmodes of
a twisted waveguide as a function of y. Inset in (b) geometrically
represents Eq. ()



T(0,y,9)=exp(—icy,0)Dyy(y,¢). The two rotations men-
tioned above are a single rotation on the Bloch sphere by angle
x around axis fi as

T =exp(—ifi-Gy/2). 5)

The angle y is defined by the set of previously introduced
angles 6, v, and ¢:

X ¢

cos 5= cos 0 cos ) + sin O sin % siny,
ny sin % = cos Ysin O sin %
ny sin x =cos 9 sin O + cos 6 sin 9 siny, (6)
2 2 2
X .9
Z =cos0 —.
nzsin 5 = cos 6 cos Vsin >

We provide a derivation of the rotation parameters in Supple-
mental Material.

In the case of the slow twisting (¢ — 0), the gate T, as
follows from Eq.@, reduces to the rotation around the y axis
by the angle 20: T — exp(—ic,0). This corresponds to the
adiabatic polarization rotation regime. Interestingly, in the
work [17] where twisted waveguides were examined as po-
larization rotators, the authors observed slight ripples in po-
larization conversion dependency on the twist length having
larger amplitude at smaller twist lengths. Those ripples can
be explained by deviation from the perfectly adiabatic regime
and the presence of noticeable circular birefringence (y # 0).
In the case of dominant circular birefringence (v — 7/2) we
can see using some algebra of trigonometric functions that
the gate reduces to the unity: 7 — 1. The latter observation
expresses the known fact from fiber optics that linear bire-
fringence is necessary to get nontrivial polarization dynamics.
This also implies that the waveguide’s cross-section should be
non-square for the realization of nontrivial polarization con-
version performance. The absence of polarization conversion
in a rapidly twisted or a square twisted waveguide has an im-
portant practical implication: One can always attach a short
twisted section at the end facet of the waveguide to compen-
sate for cross-section mismatch due to the rotation of the end
facet without affecting the gate performance.

The general, Bloch sphere rotation is described by three in-
dependent parameters — Euler angles. The three parameters
of the twisted waveguide 0, ¢, y are however not indepen-
dent, since Eq.(2) implies a constraint ¢ sin y = 26. It never-
theless turns out that it is possible to implement an arbitrary
rotation with a twisted waveguide approximately but with ar-
bitrary precision, as we demonstrate below.

Approximating arbitrary unitary operation with twisted
waveguides To estimate how efficiently twisted waveguides
can realize different unitary operations (gates) we posed an
inverse design problem: For a given ideal unitary operator,
namely a Bloch sphere rotation with given Euler angles find
the best-twisted waveguide approximation where the twisted
waveguide is defined by two parameters: the length L in terms

of linear beat lengths Lp and the twist angle 6. As a measure
of proximity of two operators, we used gate fidelity proposed
in Ref. [26], F = § + 15 ¥ jex,, . Tt(T0;TTUG;UT), where U
is the ideal gate and 7 is its twisted waveguide approximation
as defined by () and (6). We have performed a scan over all
combinations of Euler angles by sweeping azimuthal and ro-
tation angles from O to 27 and sweeping the polar angle from
0 to w with some small finite steps effectively covering with
a discrete grid all possible single qubit gates and finding the
twisted waveguide approximation for each one. The grid di-
mensions were 33 x 65 x 17 for polar, azimuthal and rotation
angle giving the total number of gates of 36465. In order for
the solutions to be of practical significance we imposed con-
straints on the twisted waveguide length and twist angle and
calculated the worst fidelity Fp,i, over a set of ideal operators
as a function of the constraints. We provide the details of the
numerical solution to the inverse design problem in Supple-
mental Material. Fig.[3|summarizes the results of the analysis.
Fig. B(a) shows the worst fidelity Fpi, among all the designs
while Figs. 3[b-d) show worst fidelities for the approximations
of rotations around different axes for O,,x = 207 and three
values of L. The position of a point coincides with the rota-
tion axis while the colors correspond to the worst fidelity over
a set of rotation angles [x in Eq.(3))] with respect to this axis.
Figs. [3[e-g) below show the corresponding fidelity distribu-
tions. For all considered constraints, fidelities appear to group
near unity whereas increasing the maximum length L reduces
the width of the distribution. The results demonstrate that the
absolute majority of gates can be indeed approximated with
a practical fidelity when twisted waveguides are constrained
to have lengths less than a few linear beat lengths and the
twist angle of 207 which corresponds to 10 total twists. State-
of-the-art laser-written waveguides typically exhibit birefrin-
gences (in terms of modal indices) 8n ~ 1075 —10* depend-
ing on the particular fabrication process and cross-section di-
mensions. Such a birefringence ensures the linear beat length
Lp ~8—0.8 cm at wavelength 800 nm [18]]. We thus can con-
clude that laser-written twisted waveguides implementing any
possible single qubit gate must be in a millimeter to centimeter
size scale comparable to that of the integrated photonic CNOT
gates reported earlier [7]].

Two qubit and multi-qubit gates Although in this Letter
we consider only single-qubit operations, the suggested ap-
proach can be straightforwardly generalized to the implemen-
tation of multi-qubit gates by utilizing more degrees of free-
dom of a photon e.g. by using path encoding with multiple
coupled twisted waveguides or space division multiplexing
with multiple modes of the same waveguide. Here we herald
only the concept of the twisted-waveguide-based gates. Con-
sideration of multi-qubit gates deserves separate publication.

Conclusion To sum up, we have obtained an analytical
expression for the transmission matrix of a twisted waveguide
which turns out to be a general Bloch sphere rotation. We have
shown that twisted waveguides can approximate arbitrary uni-
tary operations with arbitrary precision and reasonable design
constraints. This finding allows suggesting twisted waveguide
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FIG. 3. Twisted waveguide approximation of arbitrary single-qubit gates.
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(a) shows worst fidelity F,;, overall single qubit gates as a function

of twisted waveguide design constraints, where O,y is the maximum twist angle, Lyax is the maximum twist length measured in terms of
linear beat lengths Lp. (b-d) show the worst fidelity over rotations around a given axis with Oy,ax = 207 and three different Lp,ax constraints,
histograms (e-g) below the spheres visualize the distribution of approximation fidelities.

as a robust yet simple building block for integrated photonic
polarization-encoded quantum information processing.
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