DISCRETE FOURIER TRANSFORM (DFT)

Prof. Alina Karabchevsky,
Introduction to Signal Processing,
School of ECE,

Ben-Gurion University
Reading: Chapter 4 by B. Porat



http://www.alinakarabchevsky.com/

DISCRETE FOURIER TRANSFORM (DFT)

= In real life situations:
= We have sampled a signal

= We want to use a computer to analyze the signal in Fourier domain - > Fourier transform

= In this case:
= The signal is time limited

= The signal is discrete




THE ORIGINAL SIGNAL AND THE SAMPLED
SIGNAL

= We want the spectrum of the real signal

= We only have the sampled, time-limited signal
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THE FT DILEMMA

= The actual signal is not really time limited
= The actual signal is continuous

= The Fourier transform is continuous
= But we can only sample it at discrete frequencies

= The Fourier transform is not necessarily band-limited
= But we can only sample at a finite number of frequencies




THE FT SITUATION IN THIS CASE

= We sampled a function for a limited time
= We want to estimate its spectrum

= Our estimate of the spectrum will be sampled and for limited bandwidth




THE DFT SOLUTION

1) Assume, the time limited signal repeats outside of the window
= This will give us a discrete Fourier transform (DFT)

2) Assume, the Fourier transform repeats outside of the window (DTFT)
= This will give us a sampled signal in time

= When we combine 1) + 2) to obtain:
= Time limited, sampled signal

= Band limited, sampled Fourier transform




= Start with a signal

x(t) o X(jw)

= Look at it for a finite time, T,
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= Sample at a rate of T,
To




DIT

= Sample the Fourier at a rate of 1/T,
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MATLAB EXAMPLE

= A signal and its Fourier transform
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MATLAB EXAMPLE

= First, we’ll sample it

X (t)
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MATLAB EXAMPLE

= That causes replication of the Fourier spectrum
= This can cause aliasing

= Note also change in X(f) scale () X(f)
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MATLAB EXAMPLE

= Now we window in time because we can only observe for finite time

= Windowing with a rectangular window causes convolution with a sinc function

= This is called leakage
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MATLAB EXAMPLE

= Now we sample the frequency spectrum
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MATLAB EXAMPLE

= Now we sample the frequency spectrum

= Sampling the frequency spectrum turns the time domain into a periodic function

xssw{t) X(f)
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DIT

= Start with a signal
= Look at it for a finite time, T},

= Sample at a rate of T,

= Sample the Fourier at a rate of 1/T,

= We end up with two sampled periodic functions
= A periodic, sampled function of time
= Period T, sample size T,
= A periodic, sampled function of frequency
= The two functions are transforms of each other
= The function of frequency approximates the transform of the original signal




DISCRETE TIME FOURIER TRANSFORM

= The discrete time Fourier transform (DTFT), X (e’?), of a discrete time function x[n]
of length N, is a continuous spectrum of frequencies

= This is because there is no lower limit on the frequency of a non-periodic function

= The integral is over a range of 2m frequencies
= This is because there is an upper limit on the frequency in the discrete signal
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x[n] = X(efe)efendé
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CONJUGATE SYMM

= For real functions, this gives us:
= Even symmetry for the magnitude

= Odd symmetry for the phase

ETRY OF FOURIER

DTFT{x*[n]} = X*(—e’9)
So, if x[n] is real: X(e’?) = DTFT{x[n]} = DTFT{x*[n]} = X*(—e’?)
X(e/%) = x*(—e’?)

X(e1%)] = [x(=e?)| 2x(e1%) = —2X(~e1?)




DTET (DISCRETE TIME FOURIER TRANSFORM)

S{xs(t)} =

f xo(£)e—0t dt = \
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IDTET (INVERSE DISCRETE TIME FOURIER
TRANSFORM)
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DTET CONVERGENCE

:DTFT 7 moidnn =
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PROPERTIES OF DTET

= Time and frequency reversal

co co

DTFT{X[—TL]} — z X[—Tl] e~ Jjon — z x[m]ejem — X(e—jé?)

n=—0o m=—oo




TIME-SHIFT AND FREQUENCY SHIFT

= Easily proved
= And you’ve showed it before

x[n — k] © X(0)e /Y

x[n]e/f" < X6 —6,)




LINEAR CONVOLUTION

= Convolution in time produces multiplication in frequency

xq|n] * x,|n] © Xl(eje)Xz(eje)




CONVOLUTION

= Multiplication in time produces periodic convolution in frequency

= This is an integral over one period of the function, allowing for the repetition of the
periodic functions

x1[n]x;[n] & X1(e7?) O X,(e/?)

X1(e7%) © X,(e/?) = % le(u)Xz(H —w)du
2T




PARSEVAL'S THEQREM

= Also just like continuous time and just like Laplace and Z
= Transforms preserve the amount of energy in the signal

> Ixlnll? =% j|X(ej9)|2d9
2T

n=-—oo




DTET AND Z TRANSFORM - REMINDER

= The DTFT is almost like the z transform evaluated on the unit circle

= We have to be careful here, like with the Laplace
= Unit circle must fall into ROC

0 co

X(z) = Z x[n]z™" X(el9) = z x[n]e-Jon

n=—oo n=-—oo

Z=€j9

(00) (00)

X(ej9)= Z x[n](ejg)_n: Z x[n]le /" = X(jw)

n=—oo n=—o0o




DISCRETE FOURIER TRANSFORM (DFT)

:x[n] P10 5w DTFT 1989 nnnn Sy 97207 0o 1y
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DTFT X(e/?) = Z x[n]e=/o"

n=—oo
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DEFINING THE DIT

= Start with
= A function of time, x(t), and its spectrum, X (jw)

= A finite sampled time signal, x(nT) — transform X (ej 9)

= Its finite sampled spectrum, X (e/"?) with 6[k] = %

N-1
ek,
. X[k] = x[nle ' N
X[k] = X(kwo) = X (—) i
To
=L e
x[n] = — e’ N
NS

x[n] and X[k] are periodic sequences with period N.




PROVING THAT X{N] AND X[K] ARE TRANSFORMS

Write the sampled signal:

N-1
% (£) = z x(nT)6(t — nT)
n=0
Take its Fourier transform:
N-1
X, (jw) = 2 x(nT)e - JnwT
n=0
For |w| = w/2, we have just the first replication

X(w)
T

X;(jw) =

So, we can write
N-1
. 0
X(w)=T Z x(nT)e 1T for |w| < 75
n=0




PROVING THAT X|N] AND X[K] ARE TRANSFORMS

We have just written

N-1 The proof for the
X(w)=T Z x(nTe /mT  for |w| < s other direction is
n=0 2 just the same

So, that means




ANOTHER WAY TO PROVE THE DIFT
RELATIONSHIP

= Now we’re going the other direction
= Start with the DFT definition of X|[k]|

. 2T
N

N-1
X[k] = ) x[nle /*m"

= Multiply both sides by an exponent and sum over k

N-1 N-1[N-1
2—T[km —'kz—nn 'kz—nm
X[kle’N =Z x[n]e "N | /"N
k=0 k=0 | n=0

= Now, if we switch the order of the summations, everything will fall out and we will
end up with

X[k]ef"zwnm = x[m]




INTRODUCING A NEW NOTATION FOR DIT

= The DFT as a sum of powers of roots of unity

3M2

N-1 . N— ( jz_n)—kn N-1
DFT X[k] = Z X[Tl]e_jkwn = z (e N) e’'N — 2 x[n](WN)‘k"
n=0 n=0 n=0

0<=k<=N-1

N-1 N-1
1 2m 1
IDFT  +ln) = ) XM/ N" =5 3 Xkl Wy = PR




DET: PROPERTIES

2T , 2T
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DET: PROPERTIES EXAMPLE

(a) (b)
Even N=8 Odd N=7

} 3{z} } 3{z}

7 Riz} o R{z}

Figure 4.2 The sequence W} in the complex plane: (a) even N; (b) odd N. The numbers indicate
the values of n.




SUMMARY

z (W¥™) = N - §[k mod N]
n=0
» mod =modulo ((k))y =k — N x |, ())w

MIRY

=Inrange 0<k<N-—1wegetN -J|k]

= Example: calculate the DFT of x[n] =6[n], 0<n<N-1
N-1
Solution:  X[k] = Z SMWkn =wo =1, 0<k<N-1
n=0




IX“[k]) _ k=N-m= @
N=64 64[15249
0 k=m=15 31 47 63 &
]
ne‘l‘T Th-. -Q'I T'I'ng
0 15 31 47 63 k
IX“[k]] {c)
Assume: x[n]=of cos[Oyn] , 0<n<N-1 ‘ [
! nm?ﬂ] h"nnun ||]11ungg_u; i
0 15 31 47 63 &
_ 2_7Tkn Figure 4.3 The magnitude DFT of a sinusoidal signal (N = 64): (@) 6, = 21 - 15/64; (b) 6, =
X[k] = g;& Cos[gon] e ’N = 21 - 15.25/64 ; () Oy = 211 - 15.5/64.
Calculate DFT , 27 , 2m N
N — lzN—l [ —]n(90+wk) 4+ ]n(GO—Wk)] qg—1 . .
(i) =32n=0 le e sum of geometric serries

—_ q—l

e—J0oN_1 1  effoN_q

_j(60+2Wnk)_1 E ej(eo_zﬁnk)_1

(ii) = =

In case 0, is equal to sampling frequency of DTFT: 6,= %Tm for m in range O,..,N-1

if we insert into (i), we get X[k] = %N S[((m+ K))n] + %N : 5[((@;]()),\,] in range 0,..,N-1

k=N-m k=m




IX[k]1 (a)

N=64

DET OF COS: EXAMPLE o
1X“ (k]| (b)
Explanation:
 DTFT transform of cos[ Oyn] ,n € Z
X(e/%) = m8(6 — 6,) + S5(0 + 6,) 0 5 47 63 &
IX[k)| (€)

* In this example the sum is of length N, therefore
the sequence is not time-limited but was multiplied
by a window in time. In frequency -> convolution with

0 15 31 47 63 &k

the Fourier transform of the window
N-1 —jon _ 1 Figure 4.3 The magnitude DFT of a sinusoidal signal (N = 64): (a) 6o = 2m - 15/64; (b) 6y =
Z e~ Jon — € _ _ 6—1'9( 21 - 15.25/64 ; () Oy = 2 - 15.5/64.
e J9 — 1
n=0

and the result is convolution between § and "sinc"
When 6, # %nm --> X[Kk] are samples on "sinc" @

2m N e
When 6, = -~ m--> X[Kk] are samples on "sinc” in its zeros
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MATLAB EXAMPLE- x DFT
B
>> N=32;
>> the=2*pi*7.3/N;
p3 A
>> n=[0:N-1]; 5t -
>> x=cos(the*n); )
> X=fft(x); :
>> figure; plot(n,abs(X),'x"); L - " x
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14 | h ’H ]
>> N1=18*N; % more dense DFT I | ’ l‘ 1
>> X1=Ffft(x,N1); _ ’\ ’ ‘ -
>> figure; plot(2*pi*n/N,abs(X), 'x',2*pi*(©:N1-1)/N1,abs(X1)); |) |
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MATLAB EXAMPLE: \'l "|
B 14 + ’ ‘ ' .
DTET V5. DIT \ \ -
' |
10 f X 1 -
th0=2*pi*71.5/N al I
>> X=Ffft(x);
>> X1=fft(x,N1); 6L il
>> figure; plot(2*pi*n/N,abs(X), 'x',2*pi*(@:N1-1)/N1,abs(X1));
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MATLAB EXAMPLE: | "
. 14 + ’
DTET VS. DIT
]
10 t
Now we choose 6, as a whole number of samples
8 L
>> the=2*pi*7/N; 6
>> x=cos(the*n);
>> X=fft(x); 4t
>> Xi=Ffft(x,N1); f m ﬂ ﬂ
>> figure; plot(2*pi*n/N,abs(X), 'x',2%pi*(©:N1-1)/N1,abs(X1)); 51 \}| ﬂHﬂ 'H% \Hﬁ
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1 N-1

IDET (] =10FT (X [k} =L $x ", 0<n<n-1

k=0

N—1 N-1 N-1
1 kn _ l —km _yrkn _
X|k]Wy" = x[m]Wy Wy™ =
N N
N-1 N—1
1 ) A
= — x[m] Wl\f(" m)
" e
m=0 k=0 :
\ 1 - :
N-1 KJ
1 ! \
= x[m]N - §[(n — m)mod N]
m=0
Onlyforn=m->[(n—m)modN =0, 0<nm<N-1




DET - CO]

Let y|n] = x[n]”

{PLEX CONJUGATE

Therefore DFT{ y[n]} = Y[k] = X*[N — k]

Proof:

N—1 N—1

Yk =y gt = ) ] W/&”)
- n=0 (no
N—1 * N—-1

— ( x[n]WN_(_k)n> = z x[n]WN_(N_k)n>

n=0 n=0
= X*[N — k]




SURVEY: DFT TRANSFORM

= EasyPolls:
AK]I=[00 01110 0] represents:

O LPF
O BPF

O HPF
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https://vote.easypolls.net/62653b1302fcff00625fab0d

DET: FREQUENCY REPRESENTATION

= With Fourier Transform (FT) we were representing X(ja) via positive and negative
frequencies.

AX(ja))

)]

= In DTFT we showed for the period 6 € |[—m, ] while T equivalent — % is the half
frequency

= In DFT, k=0,....,N-1 6, = —k € [0,2m] and therefore negative frequencies appear to
the right while posmve frequen01es fulfill 0 < k < {—‘




DI'T TREQUENCY REPRESENTRTION
e

|

[

| “H““Immﬂ” ]”H“ k

/Y
*%Y

1] ““Hlnm,s

ement of the DFT: (a) index k in original order; (b) index k in a shifted order




DET OF COS: MATLAB EXAMPLE

<-——-x[n]=cos(n
X
@
; \
0 1 2 3 4 5 6
n
40
DFT for .
N=64 % 20+ positive k negative k
0
0 10 20 30 40 50 60
k
40

negative k positive k

feshift|X[K]|
N
o

-30 -20 -10 0 10 20 30
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DET: FREQUENCY
HPF ‘/\ REPRFSENTETIDN
BPF M R




DET PROPERTY: SYMMETRY

= Let assume signal x[n] as real
Proof that X[k] = X"[N — k]

Proof: N—1

Meaning:

1) One can calculate only samplesk =0..N/2 (Niseven)ork =0..(N —1)/2 (N is odd)

2) If N is even then X[N/2] is real.

@



N — 1-> complex conjugate of k=1

EXAMPLE: DFT INTUITION
Let assume that we can illustrate o re\al<c ‘/

b e b*
on the same plot real and imaginary values a ° °
] —— > K
0O 1 2 3 4 5
Real 1 N
feglf;’[fn] Symmetry points ==
Illustrate a, b, ¢, points for different length N of DFT X[k]
A
N=5
c c¥
b e e b*
® ®
1
———— P K
0O 1 2793 4 5

Symmetry
: N
points= —




