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▪ Linear Phase or Delay  is wanted (השהיה)
since it is not distorting the signal.

▪For filters symmetry around the center 
of the filter

ℎ 𝑛 = ±ℎ[𝑀 − 1 − 𝑛] , 𝑛 = 0 , … , 𝑀 − 1

the phase is linear.
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▪ Why is the linear phase needed?

▪ Linear phase – delay. The signal is only delayed and there is no additional 
distortion or another change in a signal.

▪ We will show that for FIR that fulfill the following equality, there is a linear phase:
ℎ 𝑛 = ±ℎ[𝑀 − 1 − 𝑛] , 𝑛 = 0 , … , 𝑀 − 1

Therefore, there is a symmetry around the center of the filter. Let prove that:

Let M-even, we will calculate 𝐻(𝑧):

𝐻(𝑧) = ෍

𝑛=0

𝑀−1

ℎ[𝑛]𝑧−𝑛

= ෍

𝑛=0

𝑀
2−1

ℎ[𝑛]𝑧−𝑛 + ෍

𝑛=
𝑀
2

𝑀−1

ℎ[𝑛]𝑧−𝑛

𝑠𝑒𝑝𝑎𝑟𝑎𝑡𝑒 𝑡𝑜 𝑡𝑤𝑜 𝑠𝑢𝑚𝑚𝑎𝑡𝑖𝑜𝑛𝑠
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f- Complex argument

j in complex or

Cartesian plane=

Imaginary unit



FIR – LINEAR 
PHASE

▪ Substitute 𝑛 = 𝑀 − 1 − 𝑛′ in the second 
summation:

= ෍

𝑛=0

𝑀
2−1

ℎ[𝑛]𝑍−𝑛 + ෍

𝑛=0

𝑀
2−1

ℎ 𝑀 − 1 − 𝑛′ 𝑍− 𝑀−1−𝑛′

= ෍

𝑛=0

𝑀
2
−1

ℎ n 𝑍−𝑛 ± 𝑍− 𝑀−1−𝑛

▪ We will merge to sums, substitute the 
symmetry. From this result we see that we 
can anticipate multiplications in calculations 
see Figure in the next slide
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For such a system the number of multiplications is reduced from M to 
M/2 for M even and to (M-1)/2 for M odd, for instance as here:
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Schematic 

representation

Of linear phase FIR

filters

x[n-1] x[n-2]

x[n-(M-1)]

x



Now we will analyze the phase <𝐻 𝑒𝑗𝜃 and therefore we will work 

with DTFT via substitution of z=𝐻 𝑒𝑗𝜃 :

𝐻 𝑒𝑗𝜃 = ෍
𝑛=0

𝑀
2−1

ℎ 𝑛 𝑒−𝑗𝜃𝑛 ± 𝑒−𝑗𝜃 𝑀−1 𝑒𝑗𝜃𝑛

We take out the half angle as a joint component:

= ෍
𝑛=0

𝑀
2−1

ℎ 𝑛 𝑒−𝑗𝜃
𝑀−1
2 𝑒

−𝑗𝜃 𝑛−
𝑀−1
2 ± 𝑒

𝑗𝜃 𝑛
𝑀−1
2

for + we will receive:

= 2𝑒−𝑗𝜃
𝑀−1
2 ෍

𝑛=0

𝑀
2−1

ℎ 𝑛 cos 𝜃 𝑛 −
𝑀 − 1

2

𝐴 𝜃

𝐴 𝜃 is the real 

function,

Amplification

Is it equal to |H|? 

No, because it can 

be negative, phase 

shift in 𝜋

𝐴 𝜃 linear phase, delay 

in (M-1)/2 samples – not 

an integer
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FIR – LINEAR 
PHASE

When 𝑨 𝜽 is positive we will obtain the 
linear phase.

When 𝑨 𝜽 is negative we will obtain the
phase inversion or shift in p at the points the
sighn experiences the change from – to + 

לינארית למקוטעיןפאזה 
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(piecewise phase) 

segmented phase



▪ EasyPolls:
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https://vote.easypolls.net/62aef7ab8d447100624d21dd
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symmetry



12

symmetry
Passband 

העברהתחום 
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symmetryPassband 

העברהתחום 
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פאזה לינארת
למקוטעין

Passband 

העברהתחום 
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פאזה לינארת
למקוטעין

Passband 

העברהתחום 
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פאזה לינארת
למקוטעין

Passband 

העברהתחום 
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Passband 

העברהתחום 

לינארתפאזה לא 
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Passband

תחום העברה

פאזה לא לינארת



Ripple=
אדווה/גליות

Occurs due to 

the finite length 

sequence. The 

longer the 

sequence less 

ripples
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d

תחום העברה

תחום 
המעבר

תחום העצירה

Bandwidth 

of the filter

Gibbs phenomenon 
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symmetric 

window to achieve linear –phase response



▪ The Gibbs phenomenon was first noticed and analyzed by Henry Wilbraham in 
an 1848 paper

▪ In 1898, Albert A. Michelson developed a device that could compute and re-
synthesize the Fourier series. A widespread myth says that when the Fourier 
coefficients for a square wave were input to the machine, the graph would 
oscillate at the discontinuities, and that because it was a physical device 
subject to manufacturing flaws, Michelson was convinced that the overshoot 
was caused by errors in the machine. In fact, the graphs produced by the 
machine were not good enough to exhibit the Gibbs phenomenon clearly.

▪ Inspired by correspondence in Nature between Michelson and A. E. H. Love 
about the convergence of the Fourier series of the square wave function, J. 
Willard Gibbs published a note in 1898 pointing out the important distinction 
between the limit of the graphs of the partial sums of the Fourier series of a 
sawtooth wave and the graph of the limit of those partial sums. In his first letter 
Gibbs failed to notice the Gibbs phenomenon, and the limit that he described 
for the graphs of the partial sums was inaccurate. In 1899 he published a 
correction in which he described the overshoot at the point of discontinuity 
(Nature, April 27, 1899, p. 606). In 1906, Maxime Bôcher gave a detailed 
mathematical analysis of that overshoot, coining the term "Gibbs 
phenomenon" and bringing the term into widespread use.

▪ After the existence of Henry Wilbraham's paper became widely known, in 1925 
Horatio Scott Carslaw remarked, "We may still call this property of Fourier's 
series (and certain other series) Gibbs's phenomenon; but we must no longer 
claim that the property was first discovered by Gibbs."
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(piecewise phase) 

segmented phase

continuous phase

𝐻𝑧 𝜏 = 1 − 𝑧−1

𝐻𝑓 𝜃 = 1 − 𝑒−𝑗𝜃

= 2 sin
𝜃

2
𝑒𝑗

1
2(𝜋−𝜃)
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▪ Relation of filters realizations in real-time.

▪ We’ve seen that all the realizations are based on 
the collection of additional, multiplications and 
delays. 

▪ The general realization in DSP is:

𝑦[𝑛] = ෍

𝑚=0

𝑀−1

ℎ𝑚𝑥[𝑛 − 𝑚]

▪ The pointer is pointing on the current location in 
the circular array and this way one can address 
𝑥 𝑛 …𝑥[𝑛 −𝑀 + 1]

23



▪ After 𝑀 multiplications and 
additions, we receive the 
current 𝑦[𝑛] for the FIR. 

▪ Realization by command 
Assembler MAC- Multiply 
and ACcumulate.
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Accumulator

x[n-1]

x[n-2]

x[M-1]

pointer

Buffer

כולל מיעוןמעגלי
מעגלי

Multiplier

מכפל

סוכם
by n

Memory



▪ Let assume a digital filter with 
impulse response as:   

ℎ 𝑛 =
1

2

𝑛
𝑢[𝑛] 𝑛 = −∞, . . , ∞

▪ We will calculate the frequency 
response of the filter 

𝐻 𝑒𝑗𝜃 = ෍

𝑛=−∞

∞

ℎ 𝑛 𝑒−𝑗𝜃𝑛 = ෍

𝑛=0

∞
1

2

𝑛

𝑒−𝑗𝜃𝑛

= ෍

𝑛=0

∞
1

2
𝑒−𝑗𝜃

𝑛

=
1

1 −
1
2
𝑒−𝑗𝜃
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Geometrical 

progression



▪ Calculate 𝐻 2 in   𝜃 = 0,
𝜋

2
, 𝜋

▪ The filter will look like:

▪ 1) What is the filter type?  

Answer: LPF

▪ 2) Can this filter be implemented by FIR concept

Answer: No. The infinite response can be approximated since ℎ 𝑛 decays 
with time. 

26

|H|2

4

4/5
|2/3|2

=4/9

q

𝐻 𝑒𝑗𝜃 =
1

1 −
1
2 𝑒

−𝑗𝜃



▪ Let analyze the following filter:  

𝑦[𝑛] = 𝑥[𝑛] +
1

2
𝑦[𝑛 − 1]

▪ Now we will calculate the frequency 
response:

𝑌(𝑒𝑗𝜃) = 𝑋 𝑒𝑗𝜃 +
1

2
𝑌 𝑒𝑗𝜃 𝑒−𝑗𝜃

𝑌 𝑒𝑗𝜃 1 −
1

2
𝑒−𝑗𝜃 = 𝑋 𝑒𝑗𝜃

𝐻(𝑒𝑗𝜃) =
𝑌 𝑒𝑗𝜃

𝑋 𝑒𝑗𝜃
=

1

1 −
1
2
𝑒−𝑗𝜃

▪ This is identical to the DTFT of the 
filter in Example 1.
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IIR



▪ In FIR representation of the impulse response, one needs ∞ coefficients.

▪ In IIR representation  one needs only three coefficients: 𝑏 = 1 , 𝑎 = {1,−1/2}

▪ One can implement the filter that with FIR cannot be implemented.
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y[n] y[n-1]

𝑧−1

+ 𝑦[𝑛]𝑥[𝑛]

+

+

1/2

1

2
𝑦[𝑛 − 1]

𝒚[𝒏] = 𝒙[𝒏] +
𝟏

𝟐
𝒚[𝒏 − 𝟏]



▪ We create a new filter via the 
multiplication in time 𝑔[𝑛] = ℎ 𝑛 −1 𝑛

▪ What is the influence on the frequency 
response?

Solution: 

ℎ 𝑛 =
1

2

𝑛

𝑢[𝑛]

𝑔[𝑛] = −
1

2

𝑛

𝑢[𝑛]

Then:    𝐺 𝑒𝑗𝜃 =
1

1+
1

2
𝑒−𝑗𝜃
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Therefore, it is HPF

|G|2
4

4/5

4/9



▪ In general:
𝑔[𝑛] = ℎ 𝑛 −1 𝑛 = ℎ[𝑛]𝑒𝑗𝜋𝑛

▪ And in frequency domain:
𝐺 𝑒𝑗𝜃 = 𝐻 𝑒𝑗𝜃 ∗ 2𝜋𝛿 𝜃 − 𝜋

▪ We obtain the shift in p, therefore LPF to HPF and vise versa
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▪ During the course we’ve 
studied 7 different transforms
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Z

DTFT

DTFS

DFT (FFT)

S

FT

FS

𝑧 = 𝑒𝑗𝜃 𝑠 = 𝑗𝜔
Sampling

in time

discrete

time

continuous

timeDSP

course

Sampling

Discrete time

Fourier series

Periodic

Time-limited

Periodic



▪ Sampling
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▪ DFT
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▪ FFT, Filters
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▪ FS
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▪ FT
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DTFT
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▪ Z transform
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General relations
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