The impulse response of the ZOH device is

P © = {Q 0st<T, a3y Zero-order hold (ZOH)

0, otherwise.

The impulse response (3.33) is shown in Figure 3.11; the response X(t) to the input ODN ‘1‘19)3 .]]’(n\))
sequence x(nT) is shown in Figure 3.12. The latter figure also shows, in a dashed line,
the ideal waveform x(t), which would be obtained by a Shannon reconstructor.
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Figure 3.12 Time response of a zero-order hold. Staircase line: actual response X(t); dashed P { ZOH( )} ’@
line: ideal response x(t).



The frequency response of the H{h,~ (1)}

To understand to what extent X(t) approximates x(t), let us compute the frequency
response of the ZOH. As we recall, the frequency response of the ideal (Shannon) re-
constructor is a perfectrectangle on —7/T < w < 1/ T, with zero phase; see (3.25). By
analyzing how the frequency response of the ZOH deviates from the perfect rectangle,
we will understand the nature of distortions introduced by the ZOH. We have from

(333) . ejz_e—jz
~ Euler=sin(z)= :
2(t) = x5(t) * h(t) —— X(jw) = X;(jw) - H(jw) Y
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Figure 3.13 Frequency response of a zero-order hold: (a) magnitude; (b) phase.




MAGNITUDE AND PHASE COMPARISON TO
IDEAL LOW-PASS FILTER
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MAGNITUDE AND PHASE COMPARISON TO
IDEAL LOW-PASS FILTER

The magnitude and phase responses of Hgoh(w) are shown in Figure 3.13. We observe
the following differences with respect to the ideal low-pass filter:

1. The magnitude response at low frequencies is not flat, but decays gradually. Fur-
thermore, it decreases to zero at w = +27m /7T, rather than at =m/7T.

2. The magnitude response has nonvanishing ripple at high frequencies, so the re-
constructed signal x(t) has undesired high-frequency energy. In the time domain,
the high-frequency energy is apparent in the staircaselike form of the output cre-

ated by the hold operation.
3. The phase of the response is not zero, but piecewise linear, with slope —0.5T.



FULL RECONSTRUCTION FROM THE 2"\«

STHIRCASE SIGNAL, Ja
« Is it possible to reconstruct th@rom

~%G0) = X0a) - Ho) - §Ga),

= From ideal sampling and reconstruction by sinc we will request G(jw) -H(w) =T -1 <ﬂ>
S

H(jw) = Tsinc
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Figure 3.14 Magnitude response of an ideal reconstruction filter at the output of a ZOH. @




PHYSICAL SAMPLING RECONSTRUCTION

Physical reconstruction is implemented using a device called digital-to-analog con-
verter, or D/A. A D/A converter approximates zero-order hold operation. It accepts a
discrete-time signal x[n] in a form of a sequence of binary numbers. Each binary num-

(D nverler = Y

ber is held fixed by a data register for a period of T seconds (the sampling interval).

The binary number at the register’'s output is converted to a voltage waveform X(t).
The voltage is approximately proportional to the present value of x[n], and remains

D \“_ Q’O\—\\)L"‘w

fixed for T seconds. When the next binary number x{n + 1] appears at the register's
output, X(t) changes accordingly. The result is approximately the staircase waveform
shown in Figure 3.12. Figure 3.16 depicts this sequence of operations schematically.

x(t)

—
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filter
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xr (£)
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Sampler
Sample and

Hold. Quantizer

x[n]
Computer

Digital
signal
processor
Computer

yln]

Zero-order
hold

y®

Reconstruction
filter

LPF

& (1) Figure 3.17 Schematic diagram of a digital-to-analog converter.
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Figure 3.15 A typical digital signal processing system.
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PHYSICAL SAMPLING RECONSTRUCTION

Physical reconstruction is implemented using a device called digital-to-analog con- -
verter, or D/A. A D/A converter approximates zero-order hold operation. It accepts a (_ 7 L
discrete-time signal x[n] in a form of a sequence of binary numbers. Each binary num-
ber is held fixed by a data register for a period of T seconds (the sampling interval).
The binary number at the register’s output is converted to a voltage waveform X(t). )
The voltage is approximately proportional to the present value of x[n], and remains ek Ve c
fixed for T seconds. When the next binary number x[n + 1] appears at the register's

output, X(t) changes accordingly. The result is approximately the staircase waveform

shown in Figure 3.12. Figure 3.16 depicts this sequence of operations schematically.
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PRACTICAL RECONSTRUCTION

In practice, the sampling of an analog signal is performed by a sample-and-hold
(S/H) circuit. The sampled signal is then quantized and converted to digital form.

Usually, the S/H is integrated into the A/D converter.

Convert

S/H command i
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hold converter = or bus communication
channel]

Analog
preamp

Stamus }

(a)

Tracking

S/ output

(b)

Figere 9.6 (a) Block diagram of basic elements of an A/D converter: (b) time-
domain response of ar ideat S/H circuit.

N Y5 TR nanm

1— —jol
HE, {'m]=j'e'~"”'dr= :
' 5 Jjo
_ sin(el' /2) _. 75
/2
. ,'r' il —iwT {2
=T 'sine| | Jel!2
\ 2T )

2505 Ty e 1NN naum nme nant A, (£) nR orxnnn omy

;'l)()'ll'iil]

T 1

Figure 3.11 Impulse response ol a zero-order hold.

T

o ;

Figure 3.12 Time response of a zero-order hold, Staircase line: actual response X(t); dashed

line: ideal response x ().

e

E. Porat ¥ 120 71N 995 0NN



The Origins of the Sampling Theorem

Hans Dieter Liike, Aachen University of Technology

A Fifty years ago the publications of Claude E. Shannon brought
BSTRACT the sampling theorem to the broad attention of communication
engineers. This article demonstrates how practicians, theoreticians, and mathematicians

discovered the implications of the sampling theorem almost independent of one another. and sampler unnecessary. One of these

l n 1948 and 1949, Claude E. Shannon published
the two revolutionary papers in which he founded
the information theory [1, 2]. In [1] the sampling theorem is
formulated as “Theorem 13"

Let f(t) contain no frequencies over W. Then

e sinw(2W 1 —n)
n=V%x /="
@ E "orQWi-n)

where

N n

Xa =f(2—";;}

It was not until these papers were published that the theo-
rem known as “Shannon’s sampling thecorem™ became com-
mon property among communication engineers, although
Shannon himself writes in [2] that

This is a fact which is common knowledge in the commu-
nication ari,

A few lines further on, however, he adds:

... but in spite of its evident importance [it] seems not to
have appeared explicitly in the literature of communicarion
theory.

The following analysis takes the above statement as its
starting point. It will become apparent that mathematicians,
practicians, and theoreticians in communication engineering
came across the implications of the sampling theorem almost
independent of one another, and that the links between them
did not emerge until later stages of this development.

THE PRACTICIANS

In communication cngineering, the first experiments with
time-division multiplexing (TDM) in telephony led to the
questions of how and how often it is necessary to sample a
continuous-time signal.

The attempt to transmit more than one signal simultaneously
over a single wire began shortly after the early commercial suc-
cesses with telegraphy in the 1840s. The first proposals for TDM
using synchronously rotating commutators derive from F. C.
Bakewell (1848), A. V. Newton {1851), and M. B. Farmer
(1853). Technically more accomplished methods were then
devcloped by B. Meyer (1870), J. M. E. Baudot (to 1874), as
well as P, Lacour and P. B, Delany (1878) [3. 4]. It is significant
not only that methods were used in which complete telegraphic
signals from different transmitters were placed in chronological
order (e.g., Baudot), but that certain systems were also equipped
with fast rotating commutators which were able to transmit at
least two samples of each elementary signal (c.g., Delany). This
technigue makes additional synchronization between transmitter

Editorial Liaison: 1. (FReilly

fast rotating commutators, the “distribu-

tor” of the telegraphy system by F. 1.

Patten (around 1891), was used for the
first demonstration of TDM of telephone signals, The inventor’s
name was Willard M. Miner. He had his method patented in
1903 following many years of preliminary experiments [5]. Fig-
ures | and 2 from [6] show the circuit diagram and the “Patten
Distributor” which was used. Miner determined the required
sampling rate experimentally [6]:

1t will be understood, then, that the apparatus devised by
Mr. Miner, while in its general form the same as that
heretofore used for multiplex telegraphy — or telephony for
that matter — such apparatus is run at a much grearer
speed so as to bring the frequency of the closures of con-
nection upon the several branches or sub-circuits up (o a
rate approximating in greater or less degree the rate of the
vibrations of the overtones characterizing speech. A rate of
closure of 1,000 or 2,000 per second will not answer the
purpose, but as the rate increases and passes beyond
3,000, improved results become apparent, and are marked-
ly better when a rate of 3,500 or 3,600 per second is
reached; the best results being obrained with a rate of
about 4,300 per second.

Miner thus assumed that the sampling rate would coincide
approximately with the upper frequency components of
speech. In actuality, his telephone apparatus will have had a
cutoff frequency of barely more than 2 kHz, which fulfills the
requirements of the sampling theorem.

Since a theoretical clarification of the sampling process was
not forthcoming, pronouncements concerning the sampling
rate in publications as well as patent applications for TDM of
speech signals remained similarly vague right up until the
1930s. For example, L. von Kramolin in 1923 writes in a
patent on TDM:

... therefore it is possible to work with a switching speed
which lies beyond the limits of audibility, whereby the
switching noise in the individual telephones is avoided and
noiseless communication is possible.

Vi
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Telephone French prediction for the year 2000
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Fig. 17.2 A French prediction
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SURVEY: RECONSTRUCTION OF BAND-
LIMITED SIGNALS

= EasyPolls:
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SAMPLING BAND-PASS SIGNALS mmix nmdxT
VIV MO

92155 ,0 97nDC 220 77NN XY V70 S MN XN (bandpass signal) VIO OI1ON MN =
_ 7 X(jw) =0 V|w| £ 0, |0 Z w,

Example: X(w)
modulated
communication
signals
v | L K5z
—wq 0 w

Nyquist conditionfor ¢, > 2w, Nt MXY LONP») *NIN =
such a signal - _—

_////‘\ 23 N o) )
Can be sampled for smaller than Nyquist frequency: 1) minimizing 5 3P 2 Y Ak

: : : RN r~ P
memory 2) simple implementation etc N >

()



SAMPLING BAND-PASS SIGNALS mymix mnooxt
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> SAMPLING BAND-PASS SIGNALS — GRAPHICAL

@) Even:L=4" X5(w)
k=0 k=-3 k=1 k=-2 k=2 k=-1 k=3 k=0
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Figure 3.26 Sampling of a band-pass signal below the Nyquist rate when (w, — w, ) is an integer

multiple of the bandwidth: (a) L = 4; (b) L = 3.
This is illustrated in Figure 3.26 for even L (4 in this case) and odd L (3 in this case). As
we see, the replicas corresponding to different values of k do not overlap. In particular,
the replicas corresponding tok = +L/2if L iseven,ork = +(L-1)/2if L is odd, appear
in the interval

—(w2 - w) =W = W - w,

which corresponds to the interval [ -, 7r] in the @ domain. The conclusion is that the
sampled signal is not aliased, despite being sampled at a rate smaller than Nyquist’s

critical rate.
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SAMPLING BAND-PASS SIGNALS BELOW NYQUIST

RATE- 0)2 :f: L ¢ ((1)2 — (1)1)
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Figure 3.27 Sampling of a band-pass signal below the Nyquist rate in a general case: {a) Fourier
transform of the continuous-time signal; (b) Fourier transform of the sampled signal.
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EXAMPLE: RADIO

Example 3.12 Radio receivers, since the invention of the superheterodyne, convert
their high-frequency input signal to an intermediate frequency, or IF. The great advan-
tage of the superheterodyne is that the IF frequency is constant for the entire range of
frequencies of the input signal. This makes it easy to amplify the signal and control its
bandwidth; hence most of the amplification is done at the IF stage. The IF signal is, like
the high-frequency input signal, modulated by the information signal, which is usually
low frequency. Traditionally, the IF output is demodulated and low-pass filtered to
provide the information signal.

Modern digital communication receivers often rely on digital processing of the in-
formation. At the time of writing, there is a growing interest in direct IF sampling, as an
alternative to the procedure of demodulation followed by low-pass filtering and sam-
pling. Direct IF sampling has the potential of eliminating costly and space-consuming
analog hardware. For example, suppose that the IF frequency is 1 MHz and the

information bandwidth is 38.4 kHz. In this case we have
L=11019.2/38.4) = 26,

and the sampling frequency is

fsam = 2 X ;%19'2 = 78.4kHz.

(=)



EXAMPLE: RECONSTRUCTION WITH BANDPASS
FILTER (BPF)

The sample-and-hold time (or the conversion time for a flash A/D) should be about
0.1 microsecond or less in this case. O

When sampling a band-pass signal, there is seldom a need to reconstruct it in the
pass band (usually either there is no need for reconstruction at all, or reconstruction is
needed in the base band). If band-pass reconstruction is needed, it can be performed by
passing the sampled signal through an ideal band-pass filter with frequency response

T, wo =< lw]| < wsy,
0, otherwise,

HY (w) = { (3.56)

see Figure 3.28. The computation of the corresponding impulse response h(t) is dis-
cussed in Problem 3.34.

v
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Figure 3.28 Reconstruction of a band-pass signal by an ideal band-pass filter (replicas shown @

by dashed lines will be eliminated by the filter).



ALIASING IN TIME SERIES ANALYSIS

Given a power spectrum (a plot of power vs. frequency), aliasing is a false translation of power falling in some frequency range (-f., f,) outside the

range. Aliasing is caused by discrete sampling below the Nyquist frequency. It can be minimized by either increasing the underlying sampling rate
or (if that is not practical or possible) pre-filtering the signal to suppress high-frequency components.

frequency - o) -5 frequency
ohase - - -0 PhaASE ————— p—

Phase ey £

M ) |

1 L
2 3 4 5 L]

The relationship between two sinuscidal signals @ = cos(Zx f +#) and b = cos(Za (f +m) +é) js shown for | F| =03, [¢] = x/2,
and |™| =3.The signals are assumed to be observed at times? =0, 1, .... 6 and the observed points are indicated. When M
is an integer the points on the curve coincide and the signals are said to be aliased. Considering all frequencies in the

range |f| £ Jm_ the largest value of fm so that all signals may be identified from the observed points is called the Nyquist
frequency. It is well known that fm =03,


https://demonstrations.wolfram.com/AliasingInTimeSeriesAnalysis/

samsing frasency (2] 19 gmstesamoe COS(2 7TY)

sin Intsrpolation of the sampled signal y(9 = coe(2
number of samples =8  sampling period = 0.52632 sec
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SING INTERPOLATION FOR SIGNAL RECONSTRUCTION . ===,

The function sinc(x) js defined by sinc{x) = sin (x) /x fgr x # 0, with sinc(0) = 1, The sinc interpolation formula is defined as " e
“:1 . T

x(t)= ) xn 3““3[; {‘“”nl where T is the sampling period used to determine *» from the original signal, and ¥ is the

reconstructed signal. The above formula represents a linear convolution between the sequence *» and scaled and shifted

samples of the $in¢ function. In this Demonstration, a limited number of samples *» are generated, and the above sum is

carried out for ¥ samples, labeled from £ =0 to & =N = 1, Dye to the shifting of the $in¢ function by integer multiples of T,

this results in (1) having the exact value of a sample located at a multiple of T, This can be seen by obsarving that the

absolute error is always zero at times which are integer multiples of 7, in other words at the sample locations. In this

implementation, the sinc function is sampled at a much higher rate than the sampling frequency used for the original

function, in order to produce a smoother plotted result.

e Ra L sin(2 771) + cos(3 1
22 sonattesemoe triongle wave [ signai 1o samgre | Sin(2 7T 1) @ B

clmem uuo nn nmphd signal y(0) = m(z"n cos(3 )
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samping period =

: / A
AW A

absolute error In sinc Interpolation
average absolute error = 0.02673

sinc urpoln nn nmpld ign |y(n r glw eif]

absolute error in sinc interpolation
verage absolute error = 0.10518
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sinc interpolation formula reconstructs a continuous signal from some of its

samples. The formula provides exact reconstructions for signals that are

bandlimited and whose samples were obtained using the required Nyquist

sampling frequency, to eliminate aliasing in the reconstruction of the signal. @
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SURVEY: RECONSTRUCTION OF BAND-
LIMITED SIGNALS

= EasyPolls:

A real signal in the range 4-5 kHz can be sampled
at T s=2kHz with no aliasing. Will this sampling
frequency change If the signal was complex,
satisfying X(w)=0, w=07?

O Yes, f s should be higher

O Yes, f_s can be lower

O No, f_sis the same

results vote
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ENCODING

= The computer will store the data in n bits

= This means that we should have 2" levels of quantization
= In this example we use 3 bits for 8 levels

©



QUANTIZATION

= When we encode, we remove information about where in the quantization range
the sample fell

= So, encoding and quantization happen basically simultaneously

= Sample value is replaced by mean of quantization range
= This is a limit on the amount of error caused by the A/D process

©



ERROR CAUSED BY QUANTIZATION

= s is the width of the quantization range

= Average squared error due to quantization
= Integrate probability of each value times squared error at that value

= Ultimately, error depends only on quantization range

x0+% x0+%
1
E = j P(x)(x — xo)%dx = J E(x — xg)%dx
S
xo—i XO—E
x0+%
_(x—x0)3 _52 i i i
3S ¢ 12
xo—i — T — e o
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ERROR IN TERMS OF THE DYNAMIC RANGE AND
WORD LENGTH

= the difference between the maximum and minimum values that can be represented by
the converter

= Word length, n
= the number of bits used in encoding

= Error decreases exponentially with word length

2 2 2
=_S°_ 1(Dj _D* .
12 12\ 2" 12




EXPRESSING QUANTIZATION ERROR AS A
SIGNAL-TO-NOISE RATIO (SNR)

= Noise
= Squared difference between input signal and output signal

= Signal: size of output
= For large word length, input and output size are the same
= P, power of the input signal

= Results are independent of input signal

= Quantizer range should be as small as possible to accommodate signal size
= Reduce SNR by 6dB for each bit of word length

SNR = -2 = i =12P.D*2*"
E (D?/12)2™

SNR =10log,, SNR=10.8+10log,, P, —20log,, D+ 6n



