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DEMAND FOR

COMPUTATION SPEED AND

EFFICIENCY

Motivation for efficient computing: One of the
greatest challenges in information processing and
computing is to reduce the energy consumption not
only for the sake of reducing the tremendous
amount of electric power used by the computer-
based industry, such as Google, Amazon or
Facebook, but also to enable computing devices to
operate at a higher frequency without melting as a
result of the extra heat: the cooling all the world’s
data centers account for 1.5% of total global
electricity.
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The Best of the 20th Century: Editors Name Top 10 Algorithms

FFT By Barrv A. Cipra

of Princeton University and AT&T Bell Laboratories unveil the fast Fourier
transform. Easily the most far-reaching algorithm in applied mathematics,
the FFT revolutionized signal processing. The underlying idea goes back to
Gauss (who needed to calculate orbits of asteroids), but it was the Cooley—
Tukey paper that made it clear how easily Fourier transforms can be
computed. Like Quicksort, the FFT relies on a divide-and-conquer strategy to
reduce an ostensibly O(N"2 ) chore to an O(N log N) frolic. But unlike Quick-

straightforward. This in itself gave com pufé"r;"é'é'ié'ﬁ'éé“én impetus to
investigate the inherent complexity of computational problems and
algorithms.
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An Algorithm for the Machine Calculation of
Complex Fourier Series

By James W. Cooley and John W. Tukey

An efficient method for the calculation of the interactions of a 2™ factorial ex-
periment was introduced by Yates and is widely known by his name. The generaliza-
tion to 3™ was given by Box et al. [1]. Good [2] generalized these methods and gave
elegant algorithms for which one class of applications is the calculation of Fourier
series. In their full generality, Good’s methods are applicable to certain problems in
which one must multiply an N-vector by an N X N matrix which can be factored
into m sparse matrices, where m is proportional to log N. This results in.a procedure
requiring & number of operations proportional to N log N rather than N*. These
methods are applied here to the calculation of complex Fourier series. They are
useful in situations where the number of data points is, or can be chosen to be, a
highly composite number. The algorithm is here derived and presented in a rather
different form. Attention is given to the choice of N. It is also shown how special
advantage can be obtained in the use of a binary computer with N = 2™ and how
the entire calculation can be performed within the array of N data storage locations
used for the given Fourier coefficients.

Consider the ulatin
N—1 .
(1) X(b=§A{k)-W’*, j=01,--,N-1 | (DFT

where the givenMomplex and W is the principal

Nth root of unity,
(2) W = &N

A straightforward caleulation using (1) would require N* operations where “opera-
tion” means, as it will throughout this note, a complex multiplication followed by a
complex addition.

The algorithm described here iterates on the array of given complex Fourier
amplitudes and yields the result in less than 2N log, N operations without requiring
more data storage than is required for the given array A. To derive the algorithm,
suppose N is a composite, i.e., N = r-7;. Then let the indices in (1) be expressed

3) j=7r+ 7, Jo=0,1, -+ 1 — 1, h=0,1 - -1,
k= ks + ke, ke =0,1, -+ ,1 — 1, kh=0,1,---,r — 1,

Then, one can write

(4) X do) = XX Alk, k) Whewe, 7
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Since
(5) W)'kp-, - anh,.,
the inner sum, over k; , depends only on j, and k, and can be defined as a new array,
(6) Ao, ko) = 20 Ak, ko) WH™,
1

The result can then be written
) X1, do) = ; Ai(7o, kn).W(f1r1+:'n)kn_

There are N elements in the array A:, each requiring r, operations, giving a total
of Nr, operations to obtain A, . Similarly, it takes Nr, operations to calculate X
from A, . Therefore, this two-step algorithm, given by (6) and (7), requires a total
of

(8) T = N(?‘l + 1"2)

operations.
It is easy to see how successive applications of the above procedure, starting with
its application to (6), give an m-step algorithm requiring

(9) T=N(r+rnt - +rm)
operations, where
(10) No=rirseetm.

If r; = sit; with s;,¢; > 1, thens; + t; < rjunlesss; = t; = 2, whens; + t; = r;.
In general, then, using as many factors as possible provides a minimum to (9), but
factors of 2 can be combined in pairs without loss, If we are able to choose N to be
highly composite, we may make very real gains. If all r; are equal to r, then, from
(10) we have

(11) m = log, N
and the total number of operations is
(12) T(r) = rN log, N.
If N = +"s"t" -+ -, then we find that

T

Z=mr+nst+ptt+ -,
(13) N

logg N = m-logz v + n-loge s + p-loge t + -+,

so that

_r
N lng N

is a weighted mean of the quantities

logar’ logas’ logat’

g




DIRECT COMPUTATION OF DET

in general:
complex number

N-1

DET 0<k<N-1 @:Z
= \ /
IDPT 0 <n< N-—-1 X[Tl] = N zo X[k] WA_}_kn N —@ twiddle factor
n:

= IDFT is the same calculation as DFT, therefore we focus on DFT




DIRECT COMPUTATION OF DET

= In general, DFT and IDFT calculations include multiplication and summation of
complex numbers. In practice those calculation are implemented by a computer or
DSP which multiply or add real numbers. Therefore, we will write the DFT as

N-1_ (/ ~. .
\/ 21 v 21 e/ ) =cos( ) —jsin( )
)@k) = xg|n] cos Wkn + x;[n] sin Wkn

QA/\\ n=0 E e

\/ X (k) = [—xR [n] sin (%T kn) + x;[n] cos (%T kn)]
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COMPUTATION COMPLEXITY OF DFT =~

= Direct computation of DFT, for each values of k, needs x[n] multiplied by Wy and then add the
result from 0 to N — 1: NP RS 2

alculations of trigonometric functions - exp: sin, cos (kn)|

ultiplications — for each k in each row 2N. (/
J(2N — 1) real additions — 2N elements in each row needs 2N-1 additions.
4) Overhead - add.itiongl/c’alculations due to the saving of indices to the memory and
addressing operations.
N-1
Example: (a+jb)(c+jd) =ac+ jbc+ jad — bd = ac —bd + j(bc + ad) - X[k] = Z x[n]Wykn
n=0
For simplicity, we will account the complex operations — usually multiplications.

ultiply and umulate — for this reason, we count the number of multiplications as the

I se of DFT, there are N since DFT makes multiplication and addition as one operation:@
measure of computational complexity. @
{



COMPUTATIONAL COMPLEXITY 2yvrn nyoy2>0

Efficient Computation of the DFT: FFT Algorithms

TABLE 8.1 Comparison of Computational Complexity for the Direct Computation of the

DFT Versus the FFT Algorithm

Number of Complex Multiplications Complex Multiplications Speed
Points, in Direct tation, in FFT Algorithm, Improvement
N N? (N/2)log, N Factor
4 16 —> 4 4.0)
ﬁ 8 (6) BT
16 256 32 8.0
32 1,024 80 12.8
64 4,096 192 21.3
128 16,384 448 36.6
256 65.536 1.024 64.0
512 2,304 113.8
1,024 5,120 /2048~
/ ~—74 —
d o
Image, signal, speech "\ ”° N ),

processing | AN

(-




HOW T0 MAKE DFT MORE EFFICIENT?
THE 2-POINT DIT

= The direct calculation of DFT is not efficient since it does not consider the properties of Wy such
as:

== Symmetry: Wk+N/ ?

_WN

__» = Periodicity: w

= Example: Z—point DFT @ ;2T ; @ Computational complexity:

W,=el2 =el™
= Assume we have only two samples [

N? > glogzN

= Only two frequency components

- DC The butterfly elatlon

= Alternation — oK
XO = z no — 0 + X @(
( -@ﬁ n=0 Y ~ — ,
X1 — Z xn(WZ)_nl = xo — X % C/ O PT ,Z—\frl Q\;\—-_" — 7 = f,-& — XDQ\— L’ /l‘>o></‘
/) n=0 p . t 14
ZZ 1 - C'\ Uy




THE 4-POINT DIT

= Three frequency components
= DC
= Alternating (high frequency)
= Intermediate

3
Xo= D % (W,) ™ =%+ % + %, + X
n=0
3
> P — X — X, + X
n=0
3
Xo =D % (W,) ™ =% =X 4% — X
=0
n3
2

3=X0+le—X2—jX3

€

€

o



THE 4-POINT DIT

= We can see the intuitive significance of each component

3
-n
Xo :an (W4) =Xy +X +X,+X; ——> How big the signal is
‘C// 7 n=0
- 3
-nl . .
X, = Z X, (W4) = Xo — JX, =X, + JX; =/ Differences in off-by-one
n=0
3 n2 n -4 N -
(j X, = Z X, (W4) =Xy — X +X, —X; = How much it alternates
n=0
3 -n3 . .
X3:ZXn(W4) =Xo T JX =X = JX

o



NOTICING REPEATED TERMS

= By rearranging terms, we can create a more ‘efficient’ computation

X, =[x0+x2]+[x1+x3]

Xy =% =%]-i[x—X]

X, =%+ %, | =X + %]

Xs =[X0—X2]+ j[Xl—X3]




NOTICING REPEATED TERMS

= View this result in terms of frequencies X,
= Split the data

= DC in both halves gives DC of total

= High frequency of one half gives X
intermediate frequency of total 2

= Comparison of two halves gives highest
frequency

o



GENERALIZING T0 # ELEMENTS = RADIX-2 FFT

DECIMATICN IN TIME yova 5o

= Radix (=root) is the most popular with sequences of lengthN;(@? € Z.
—
= We decimate (split) the sequencto two sequences of even and odd indices:
e

/

1[n] = x[2n] -

Xﬁﬂ - L( ’Vfl\J) fon]l =x[2n+1] 0 sﬁ@~ 1
= We will say that sequences f; [] and f,[n] are decima(ted in time out of x[n].
| 720
= We will write X[k] as: W _—~ i9r"
— X ﬁkn X 1\7kn
n even odd




GENERALIZING T0 N ELEMENTS = RADIX-2 FIT

v
s
= Assume Niseven '~
N 31 .
X(kl= ) Al IWy) ™2™ + wy* Zfz JWy)™2% k= 0,..,N — 1 while w7 = = Sk
r=0

even

N If N is even!
7—1 ——1
X[k] = z x 27" (WN/ZO WN Z 27" + 1 (WN/Z) —2rk _ 0 N 1
=0
F, |k

/ B
DFT of N/2 length g DFT Of leng th
even

We obtain: = F[k] + W RF,[k], 0<k<N-1

Note: F; [k] and F,[k] are N/2 points DFT of f;[r] and E[r] /

©



GENERALIZING T0 N-ELEMENTS

= Since @ are per10d1c with per1od<@,

F1k+ Fy |k +

N / N \J
= In addition, w) W, —> W, (k+ ) = W‘

= Therefore, we can decimate the X [k] to two regions:

= Fplk]
—

§30
( N
—>| X[k] = Fy[k] + Wy F,[k] 03k35—1
< N - N
—y X[k+E]=F1[k]—WN‘kF2[k] 03ks;—1
\ =



COMPUTATIONAL COMPLEXITY

( N
X[k] = Fi[k] + W kF,[K] 0<kc< 5~ 1
4
N N
\

One DFT of length N: N? complex multiplications calculated from 2 DFTs of length

N2N2
_%_
2 2

And N /2 multiplications with exponential function = N /2

In summary: N?/2 + N /2 which is approximately half of the calculations when N is
large.

@



COMPUTATIONAL COMPLEXITY

= We will add G
F1

= Wy"

= We can write

X[k] = |+ 6,k
N
—7 [k+E] ]—Gz[k] OSkSE—l
—7 —
= The addition and the subtraction are actually DFT with length of 2

wy =1, W,'=-1

< (D —)
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x(0) x(2) x(4) X(N - 2) &Lp
L 4 @ *— \ \JQ

RO %/ A (\L;’?
{ /
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G,(k)
Phase
factors
Gz(k)

(5)rG )

Figure 8.1.4 First step in the decimation-in-time algorithm. 0 _J @
(S

Lo~y

X(N-1)

> 7

gAY

DECIMATION-IN-TIME
RLGORITHM: FIRST STEP

= Decimation of DFT
length N to DFT length
N/2.

= In each step there are
N/2 multiplications by
exponent.

= The decimation-in-time
i1s repeated until we
reach which do not
include multiplications.

= Overall log, NV steps

_ > = (N/2)log,N

multiplications @



THE RADIX-2 FFT AS BUILDING BLOCKS N=38

» FFT: Fast Fourier Transform 71
Glk] = Z l2r) (W)
X[k] = G[k] + (Wy)*HI[k] o

~point
xf }
‘ 2)
(N { -
1(3) Wy
f onfe decimation of the time samples

{a) Result

©



THE RADIX-2 FFT AS BUILDING BLOCKS N=38

» FFT: Fast Fourier Transform 71
GIk] = Z x[2r] (W%)rk
X[k] = G[k] + (Wy)*H[K] N
J/ H[k] = Z x[2r + 1] (Wg)”‘
O) ~\
S 2

{b) Result of applving two decimations

(=)
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THE RADIX-2 FFT AS BUILDING BLOCKS N=§ - -

N
7_1
— rk
Glk] = 2, x[27] (W%)
hd N
= FFT: Fast Fourier Transform 71
Hlkl = ) x[2r+1] (WE)”‘
r=0 2

X[k] = GLI] + (Wy)*H[K] PR T . . E—

x(0) 2-point X(4) (\8, > - » X » o X(1)
x(4) DFT Comb 1
ombine e X(O)
2-point .
. X(1) § R . '
x(2) 2-point DFT’s Yo %(2) > X(2)
x(6) DFT . )
Combine X@3)
» X(4) x(6) X(3)
x(1)———  2-point X(5)
x(5) DFT Combi X(
ZOITI‘ ltl'lB X(ﬁ)
-poin A1) ® X(4)
. —\X(7)
x(3) ———  2-point DETs (
x(7) DFT
x(5) X(5)
Figure 8.1.5 Three stages in the computation of an N = 8-point DFT.
x(3) - 4 . e X(6)
Figure 8.1.10 ae » —® A=a+b -
Basic butterfly w0 wi w3
computation in the w x7) - S 1 i b4 » * X(7)
deci i N =] -1 -1
ecimation-in-frequency b e— . — e B=(a— PYWA

FFT algorithm. -l Figure 8.1.6 Eight-point decimation-in-time FFT algorithm.

©
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EXAMPLE: 8-POINT DECIMATION-IN-TIME FFT

r

X[1] M2 NPT O/YRY 1

X[2] 70°25Wa Nnd Ty 2
725w D02 29w NMd i .3
X[3] 9FFT 792y 21°n3 o0 o 4
X[4]
17N
X|[5
steps = log, N 1152°p °> mR1? 1n°1 .2
X[6] .25 953 0157977 NIND DX 71901 OX .3
X[7] 25w 992 % X°77 QNN 52 RN

:2""770 @ °2 D0 101 ,ANR P52 NY7IVDY 11297 MWD N 70 HY 73N TR "1970"w 1von 4

N
NPORPoMmP MmN ~logy N + 0>op2omp 0°mdo N log, N @



THE IFT AS BUILDING BLOCKS

= FFT: Fast Fourier Transform
X[k] = G[k] + (Wx)*H[K]




IN-PLACE COMPUTATIONS VIA BIT REVERSAL: 3-

STAGE EVEN-0DD DECOMPOSITIQN

ny

Yo

n

Yo

——— x[000]

A ]

-

> x[001]

— ~ x[010]

Yo

> x[011]

0

——— x[100]

) {/ Binary
mpu numbers OUtput
For N=8 [0] @—) 000 x[O0]
/ ) 001 - 100 x[4}
/ [2] 010 - 010 x[2]
N : :
Y [7] 111 - 111 x[7]
(maning) — (mnon) —  (noning) *lmmrl |
(000) — (000) — 000
001) — 010) — (100)
010) - (100) — (010)
orry)y —- @100 —- (@110
—(()00) — (OO0 —> (001
01 — 011 — (101
110 — (101 — 011
A1) - (1) — (111
—_—
MSB «— LSB
Most Significant Bit

Least Significant Bit

Y =

L~ x[101]

0

———— x[110]

L x[111]

Figure 9.12 Tree diagram depicting
normal-order sorting.

@
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Gy ek 27/ SO ?u €

NP AT oK A Ao el (MY T

_~<'"Yhile caleu ating DFT or FFT, one needs

elements of the Fourier matrix, W

C Ic
oy (e il

Qi) o ~1
L ~ = Pa Wy
1) One can calculate them in advance

and prepare in tables or 2) Calculate

in a recursive manner 1/, ~(nt) Wy’

Wy! - requires regular mu1t1p11cat1ons
Wy ! as compared to cos, sin —
disadvantage is in accumulating error

XD,NQ'\,\)T\ YD /QQ(AS\ /;\(("2\ /\{(Opr\) J(C’)/l,u/-”l N\ f,gj?) NJ//J
' /

~= R




SURVEY: RADIX 2 FIT

* EasyPolls: How many complex multiplications are required
to compute X[k] from x[n] using the FIRST
STAGE ONLY of an N=8, Radix-2 FFT?

O 64 g- . I > oy X
D\C_( \OF'/\ M

> L C

O 36 Wr o TN o T

7 ,f
O 32 AL N SFT

_ 6 b = \ -
L%H, Loy ! o

N

O 12

results = vote



https://vote.easypolls.net/628a48378d4471006245ee0d

DECIMATION IN FREQUENCY

Xk] = INZ3 x[n]Wy, ™™ =:xa7 19982 93p1 IDFTA nnna nR ovaw 29on #1,N = 27:9wxa N KT 9707 M2oma 21007 TR * 1

N
——1

XUk] = 2 _ x[n]Wy ™" + Zg:,%x[n]WN"‘” =:0"190 1Y PY1D7 DX YY1 NV
=

-1 —1
X42ml=%2_, [x[n] + x [n + %” Wy " =32 gnlWy ™™ :X27 19982 DX 222107 TIN50 20K 1w

N =

-1 1

X2m+1] = [x[n]—x[n+ﬂl
2

0

S
1l

©



BUTTERFLY RELATION FOR IFFT

L]
(X[n+n/2] 1_1 W”




EXAMPLE: IFFT BUTTERFLY RELATION FOR

N=38

@\ AL
WSO 40

X[1] (T Y° 0
W80 40

WA S @
W80 4—1

MBI NP
A W80 4o

‘i¢<~ B

AVAN S W, s

B e

C) AN CUTAVA ~5
SENNANT

XN ——> =<

e e I e I =Y I - e S
N |L (9 (B |\ N & |2

‘N=8 :xnn7

7N2 71907 o/vxa

Simisl>



(T - DIVIDE AND CONQUER APPROACH
MPDIVIY MDIP 29D TIYNY 19917 NVOY

(J(/Q ,.),)0/ )Q—Z 7J ﬁo \C’> J e ) Q_‘\_J A Do n 1 ]
= We assume that N is not a prime number (wYX)7901n) and can be represented as a
multiplication of two other two integers@@

nJ

= If N cannot be represented by multiplication N = ML — apply zero padding
= Vector can be presented as a matrix of L X M or M X L elements:

— ——
~ —Vector x[n], 0<n<N-1 —
Matrix x ,0<I<L-1, OSmS@
/ —

row column

P

n=10+mL column distributions

—

=m+ [M row distributions

n
—
=

o



CT: 2D DATA ARRAY T0 STORE THE SEQUENCE
X(N)
4+ Cn) -

" 0 1 N-1
x(0) x(1) X(2) (N - 1)
(a)
m column index
row index | 0 i M-1
0 x(0, 0) x(0, 1) I<L—-1landO0<m<M-—1

1 x(1, 0) x(1, 1)

2 x(2,0) x2, 1)

(b)

Figure 8.1.1 Two dimensional data array for storing the sequence
x(n),0<n<N-1.

o



CT: ARRANGEMENT OF DATA ARRAY ROW-WISE

For example, suppose that we select the mapping

n=Ml+m (8.1.9)
'This leads to an arrangement in which the first row consists of the first M elements of
x(n), the second row consists of the next M elements of x(n), and so on, as illustrated
in Fig. 8.1.2(a). On the other hand, the mapping

stores the first L elements of x(n) in the first column, the next L elements in the
second column, and so on, as illustrated in Fig. 8.1.2(b).

Row-wise
_——/

n=M+m

0 1 2 M— 1
x(0) x(1) x(2) x(M—-1)
x(M) xXM+1) x(M+2) x(2M - 1)
X(2M) x(2M+1) x(2M + 2) x(3M - 1)
X((L=DM) | x((L-DM +1) | x((L -1)M +2) x(IM—-1)




CT: ARRANGEMENT OF DATA

WISE

ARRAY COLUMN-

Column-wise n=l+mL
R —
! 0 I 2 M-
0 x(0) (L) x(2L) (M~ 1)L)
1 x(1) XL+ 1) XL+ 1) (M =1)L+1)
2 X(2) XL+2) XL +2) X(M—=1)L+2)
L-1 | xL-1) XL - 1) XL~ 1) X(LM ~ 1)

o
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CT- DIVIDE AND CONQUER APPROACH IN
FREQUENCY DOMAIN

= The same approach is applied to X|k] in frequency domain:
Vector X[k], 0<k<N-1

Matrix X L 0<p<L-1, 0<qg<M-—1
c//—/ /

TOW column

mapping ﬁ = p + gL is an arrangement in column

—

mapping k/ = q + pM 1is an arrangement in row
7



MATRIX FORMULATION OF DET

/

O

1(L~1 n
X[p.q] = x[l, m] wN‘<q+pM><l+mL>

m=0 (=0

We simplify the exponent: W(ermL) quw @

. MLmp __ Nmp __ qu mq __ mq. Mpl pl

_ bl
N/L N/M — Wy
N —

©



MATRIX
FORMULATION OF
DIT

] - DFT length M on row [ of x

31



MATRIX FORMULATION OF DT

= We divide the calculation to steps:

j) Calculate M-point DFT on rows of x[[, m] @ b

DFTonindexm: F[l,q] =YX ix[l,mw,, "™, 0<I<L-1

2) Calculate multiplications
GILq] = Wy 'FL,

3) Calculate L-point DFT on col

, 0<I<L-1, 0<g<<M-1
mns of G|, q]

Q

o

L

I
=

X[p,q] =

GlLqw, ™, 0<qsM-1

g

o

©



MATRIX FORMULATION OF DIT ad e

EXRMPLE: L=3, M=3, N=LM=13 poe
== o o

columns >
. [ L
8 C '
_i- x[l,m] is the matrix@ vd } — . e
! 6 ' X
\/ = Step 1: DFT on rows of x[1,m] { P — 5 /;(3)
7 ! a)
/= Step 2: Multiply by Wy < ; { — D‘% { 6
= Step 3: DFT on columns of the | 3 { 1) e v | o)
result {/ x4) e 74 | e
_ (12)
Figure 8.1.3 Computation of N = 15-point DFT by means of 3-point and 5-point
DFETs.

o



MATRIX
FORMULATION
OF DIT:
COMPUTATIONAL
EFFICIENCY

Multiplications:
= Step 1: L DFT length of M = LM?

Y/- Step 2:@ multiplications
__k—
= Step 3: M DFT length of L =@
) ) P
+ LM2+ML2+LM= @(M+L+1)

=\
é@ DES Q S5/
= As compared to direct computation

= In our example: M=3, L=5, N=15

D@1~ Direct computation@ 152=225
# L n
—> CT decimation 15(5+3+1)=135

40



MATRIX FORMULATION OF DET

= Calculation of X|k] from X|p, q] is performed
by taking rows and converting them to one
vector.

= If N is decomposed to more than two
multiplications, one can continue the
decimation process: N = 1, ...7;

- The decimation process can take place (v — 1)

times. o f
: A o |~
/\(()w e 3 (

) : [c
_ Y \9\#7? R
3 ’\9\% “f -I,\x@*@

2 v
Fre g o -
e N T \>"%3F>f‘\ o S




NOTES

= Let analyze the rows of matrices x, X: ) <0

x(0) x(2) x(4) xX(N-2)

N/2-Point

DFT

= In X — the rows represent X|k]|
—

- In x — the rows represent x|n| but after
decimation each 5 samples

-> Therefore, this algorithm is named Phase
decimation in time. If we arrange by rows factors
x in time, we obtain decimation in

frequency because the rows of X[k]| will be

decimated. X(N 1)

N
Figure 8.1.4 First step in the decimation-in-time algorithm. /

When N = aq",aand r € Z, it is named
Radix-a FFT if a=2-> Radix-2 FFT L/

/

root @




SURVEY: CT ALGORITHMS

= EasyPolls: How many complex multiplications requires the

CT algorithms for N=3x3x37
J//ﬂ/)r

O 63
O 207
O 351
O 414

O 729

results vote @


https://vote.easypolls.net/628a66708d4471006245f276

SURVEY: CT ANSWER e

= CT: LM(L+M+1)=LM?+ML?+ML
\—_—/‘

= 63 = wrong answer: LxM=6:a->LM2+ML2+ML =3x3%+3x3+3x%3-
= 297 = correct answer: LxM= 3x9 >LM2+ML2+ML=3x92+9x32+3x9=3x65+81+27

L : O

= 351 = wrong answer: LXM:3x9->LMZ+@+ML=@1—9x32+3x9=3x8 1+81+27

= 414 = wrong answer: LxM=3x9->351 @ ’\ A directvm\mulaﬁon
\o— .

= 729 = wrong answer: direct calculation N2->272 K (BN (s

\

o



= Single stage of decimation of FFTis N = 2 x V/,

X[k] = Fy[k] + Wy F, k] N
NT , k=0,..,——1

X, =F —WyF,

While X;, X5, F;, F, are vectors of length N /2 and the matrix Wn is the diagonal matrix

N/2
o .
W N_2
N _(N_
= |, G

o



ADD TWO EQUATIONS

Yoo O IR

F

Xl Fl
= We add two equations: y Y. I
2 1

F, appear twice /
T

\

X4 1A L Wy
Y o1 i A _ —
&] [ ] [&], whatis A? A I _%

+

-this is inefficient form since F,
O _WN i

» An efficient form:

* Now, we can calculate Fy, F, by decomposition V/, = 2 x V/,

N/4

o



ADD TWO EQUATIONS

I Wyp 0 0 7!
. | F14]
X o|b W |2 e P |
= é _WN 0 0 :L WN/Z h
o 0 o —wy, |22
Matrix A ~ " \1\1/4

o



=For N = 4, develop an expression
for Radix-2 FFT in a matrix form
and present the elements of each
matrix

48



