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DEMAND FOR 
COMPUTATION SPEED AND 

EFFICIENCY
▪ Motivation for efficient computing: One of the

greatest challenges in information processing and
computing is to reduce the energy consumption not
only for the sake of reducing the tremendous
amount of electric power used by the computer-
based industry, such as Google, Amazon or
Facebook, but also to enable computing devices to
operate at a higher frequency without melting as a
result of the extra heat: the cooling all the world’s
data centers account for 1.5% of total global
electricity.
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DFT



▪ IDFT is the same calculation as DFT, therefore we focus on DFT
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0 ≤ 𝑘 ≤ 𝑁 − 1 𝑋[𝑘] = ෍

𝑛=0

𝑁−1

𝑥 𝑛 𝑊𝑁
−𝑘𝑛

0 ≤ 𝑛 ≤ 𝑁 − 1 𝑥[𝑛] =
1

𝑁
෍

𝑛=0

𝑁−1

𝑋 𝑘 𝑊𝑁
+𝑘𝑛 𝑊𝑁 = 𝑒𝑗

2𝜋
𝑁 twiddle factor

DFT

IDFT

in general: 

complex number



▪ In general, DFT and IDFT calculations include multiplication and summation of 
complex numbers. In practice those calculation are implemented by a computer or 
DSP which multiply or add real numbers. Therefore, we will write the DFT as  
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𝑋𝑅 𝑘 = ෍

𝑛=0

𝑁−1

𝑥𝑅 𝑛 cos
2𝜋

𝑁
𝑘𝑛 + 𝑥𝐼 𝑛 sin

2𝜋

𝑁
𝑘𝑛

𝑋𝐼 𝑘 = ෍

𝑛=0

𝑁−1

−𝑥𝑅 𝑛 sin
2𝜋

𝑁
𝑘𝑛 + 𝑥𝐼 𝑛 cos

2𝜋

𝑁
𝑘𝑛

𝑒−𝑗 = cos − jsin



▪ Direct computation of DFT, for each values of 𝑘, needs 𝑥[𝑛] multiplied by 𝑊𝑁 and then add the 
result from 0 to 𝑁 − 1:

1) 2𝑁2 calculations of trigonometric functions - exp: sin, cos (kn).

2) 4𝑁2 real multiplications – for each k in each row 2N.

3) 2𝑁(2𝑁 − 1) real additions – 2N elements in each row needs 2N-1 additions.

4) Overhead – additional calculations due to the saving of indices to the memory and 
addressing operations. 

Example:

For simplicity, we will account the complex operations – usually multiplications. 

In case of DFT, there are 𝑁2 since DFT makes multiplication and addition as one operation: MAC
= Multiply and Accumulate – for this reason, we count the number of multiplications as the 
measure of computational complexity.
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𝑎 + 𝑗𝑏 𝑐 + 𝑗𝑑 = 𝑎𝑐 + 𝑗𝑏𝑐 + 𝑗𝑎𝑑 − 𝑏𝑑 = 𝑎𝑐 − 𝑏𝑑 + 𝑗(𝑏𝑐 + 𝑎𝑑) → 𝑋[𝑘] = ෍

𝑛=0

𝑁−1

𝑥 𝑛 𝑊𝑁
−𝑘𝑛
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𝑛=0
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2𝜋

𝑁
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𝑁
𝑘𝑛

𝑘



8Image, signal, speech 

processing



▪ The direct calculation of DFT is not efficient since it does not consider the properties of 𝑊𝑁 such 
as:

▪ Symmetry:  𝑊𝑁
𝑘+𝑁/2

= −𝑊𝑁
𝑘

▪ Periodicity: 𝑊𝑁
𝑘+𝑁 = 𝑊𝑁

𝑘

▪ Example: 2-point DFT → 𝑁 = 2

▪ Assume we have only two samples

▪ Only two frequency components
▪ DC

▪ Alternation

𝑋0 = ෍

𝑛=0

1

𝑥𝑛 𝑊2
−𝑛0 = 𝑥0 + 𝑥1

𝑋1 = ෍

𝑛=0

1

𝑥𝑛 𝑊2
−𝑛1 = 𝑥0 − 𝑥1
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𝑊2 = 𝑒𝑗
2𝜋
2 = 𝑒𝑗𝜋 = −1

0x

1x

𝑋0

𝑋1-1

The butterfly relation

Computational complexity: 

𝑁2 →
𝑁

2
log2𝑁



▪ Three frequency components
▪ DC

▪ Alternating (high frequency)

▪ Intermediate
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▪ We can see the intuitive significance of each component
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▪ By rearranging terms, we can create a more ‘efficient’ computation
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   0 0 2 1 3X x x x x= + + +

   1 0 2 1 3X x x j x x= − − −

   2 0 2 1 3X x x x x= + − +

   3 0 2 1 3X x x j x x= − + −

0x

2x

0X

1X-1

1x

3x

2X

3X

0 2x x+

0 2x x−

1 3x x+

1 3x x−
-1

-1

j

-j



▪ View this result in terms of frequencies

▪ Split the data

▪ DC in both halves gives DC of total

▪ High frequency of one half gives 
intermediate frequency of total

▪ Comparison of two halves gives highest 
frequency
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0x

2x

0X
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1x
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0 2x x+

0 2x x−

1 3x x+

1 3x x−
-1

-1

j
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▪ Radix (=root) is the most popular with sequences of length 𝑁 = 2𝑟 , 𝑟 ∈ ℤ.

▪ We decimate (split) the sequence 𝑥 𝑛 to two sequences of even and odd indices:
𝑓1[𝑛] = 𝑥[2𝑛]

𝑓2 𝑛 = 𝑥 2𝑛 + 1 0 ≤ 𝑛 ≤
𝑁

2
− 1

▪ We will say that sequences 𝑓1 𝑛 and 𝑓2[𝑛] are decimated in time out of 𝑥 𝑛 .

▪ We will write 𝑋 𝑘 as:
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𝑋 𝑘 = ෍

𝑛=0

𝑁−1

𝑥 𝑛 𝑊𝑁
−𝑛𝑘 =

෍

𝑛 even

𝑥 𝑛 𝑊𝑁
−𝑘𝑛 + ෍

𝑚 odd

𝑥 𝑛 𝑊𝑁
−𝑘𝑛 =

= ෍

𝑟=0

𝑁
2
−1

𝑥 2𝑟 𝑊𝑁
−2𝑟𝑘 + ෍

𝑟=0

𝑁
2
−1

𝑥 2𝑟 + 1 𝑊𝑁
− 2𝑟+1 𝑘



▪ Assume N is even
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If N is even!

while

DFT of N/2 length

even

DFT of N/2 length

odd

Note:

We obtain: = 𝐹1 𝑘 +𝑊𝑛
−𝑘𝐹2 𝑘 , 0 ≤ 𝑘 ≤ 𝑁 − 1

𝑋 𝑘 = ෍

𝑟=0

𝑁
2
−1

𝑓1[𝑟] 𝑊𝑁
−2𝑟𝑘

𝑒𝑣𝑒𝑛

+𝑊𝑁
−𝑘 ෍

𝑟=0

𝑁
2
−1

𝑓2[𝑟] 𝑊𝑁
−2𝑟𝑘

𝑜𝑑𝑑

, 𝑘 = 0,… , 𝑁 − 1

𝑋 𝑘 = ෍

𝑟=0

𝑁
2
−1

𝑥 2𝑟 𝑊𝑁/2
−𝑟𝑘

𝐹1[𝑘]

+𝑊𝑁
−𝑘 ෍

𝑟=0

𝑁
2
−1

𝑥 2𝑟 + 1 𝑊𝑁/2
−2𝑟𝑘

𝐹2[𝑘]

, 𝑘 = 0,… , 𝑁 − 1

Note: 𝐹1 𝑘 and 𝐹2 𝑘 are N/2 points DFT of 𝑓1[𝑟] and 𝑓2[𝑟]



▪ Since 𝑓1 𝑛 and 𝑓2[𝑛] are  periodic with period 𝑁/2:

𝐹1 𝑘 +
𝑁

2
= 𝐹1 𝑘 , 𝐹2 𝑘 +

𝑁

2
= 𝐹2 𝑘

▪ In addition, 𝑊𝑁

− 𝑘+
𝑁

2 = 𝑊𝑛
−𝑘 ∙ 𝑊𝑛

−
𝑁

2 → 𝑊𝑁

− 𝑘+
𝑁

2 = −𝑊𝑛
−𝑘

▪ Therefore, we can decimate the 𝑋 𝑘 to two regions:

𝑋 𝑘 = 𝐹1 𝑘 +𝑊𝑁
−𝑘𝐹2 𝑘 0 ≤ 𝑘 ≤

𝑁

2
− 1

𝑋 𝑘 +
𝑁

2
= 𝐹1 𝑘 −𝑊𝑁

−𝑘𝐹2 𝑘 0 ≤ 𝑘 ≤
𝑁

2
− 1
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𝑋 𝑘 = 𝐹1 𝑘 +𝑊𝑁
−𝑘𝐹2 𝑘 0 ≤ 𝑘 ≤

𝑁

2
− 1

𝑋 𝑘 +
𝑁

2
= 𝐹1 𝑘 −𝑊𝑁

−𝑘𝐹2 𝑘 0 ≤ 𝑘 ≤
𝑁

2
− 1

One DFT of length 𝑁: 𝑁2 complex multiplications calculated from 2 DFTs of length

𝑁

2
→ 2

𝑁

2

2

And 𝑁/2 multiplications with exponential function = 𝑁/2

In summary: 𝑁2/2 + 𝑁/2 which is approximately half of the calculations when 𝑁 is 
large.
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▪ We will add G
𝐺1 𝑘 = 𝐹1 𝑘

𝐺2[𝑘] = 𝑊𝑁
−𝑘[𝑘]𝐹2[𝑘]

▪ We can write

ቐ
𝑋 𝑘 = 𝐺1 𝑘 + 𝐺2 𝑘

𝑋 𝑘 +
𝑁

2
= 𝐺1 𝑘 − 𝐺2 𝑘 0 ≤ 𝑘 ≤

𝑁

2
− 1

▪ The addition and the subtraction are actually DFT with length of 2

𝑊2
0 = 1, 𝑊2

−1 = −1
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▪ Decimation of DFT 
length N to DFT length 
N/2.

▪ In each step there are 
N/2 multiplications by 
exponent.

▪ The decimation-in-time 
is repeated until we 
reach which do not 
include multiplications.

▪ Overall log2N steps

▪ (N/2)log2N 
multiplications 19



▪ FFT: Fast Fourier Transform 

20

𝐺 𝑘 = ෍

𝑟=0

𝑁
2
−1

𝑥 2𝑟 𝑊𝑁
2

𝑟𝑘

𝐻 𝑘 = ෍

𝑟=0

𝑁
2
−1

𝑥 2𝑟 + 1 𝑊𝑁
2

𝑟𝑘

𝑋 𝑘 = 𝐺 𝑘 + 𝑊𝑁
𝑘𝐻 𝑘

even

odd



▪ FFT: Fast Fourier Transform 
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𝐺 𝑘 = ෍

𝑟=0

𝑁
2
−1

𝑥 2𝑟 𝑊𝑁
2

𝑟𝑘

𝐻 𝑘 = ෍

𝑟=0

𝑁
2
−1

𝑥 2𝑟 + 1 𝑊𝑁
2

𝑟𝑘

𝑋 𝑘 = 𝐺 𝑘 + 𝑊𝑁
𝑘𝐻 𝑘



▪ FFT: Fast Fourier Transform 
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𝐺 𝑘 = ෍

𝑟=0

𝑁
2
−1

𝑥 2𝑟 𝑊𝑁
2

𝑟𝑘

𝐻 𝑘 = ෍

𝑟=0

𝑁
2
−1

𝑥 2𝑟 + 1 𝑊𝑁
2

𝑟𝑘

𝑋 𝑘 = 𝐺 𝑘 + 𝑊𝑁
𝑘𝐻 𝑘



י דילול בזמן/בצע1.

?מהי כמות השלבים2.

?מהי כמות הפרפרים בכל שלב3.

?FFTמהי סיבוכיות החישוב עבור 4.

:פתרון

stepsניתן לראות כי קיבלנו . 2 = 𝑙𝑜𝑔2𝑁

,  אם נספור את כמות הפרפרים בכל שלב. 3

נראה כי כמותם  היא 
𝑁

2
.בכל שלב

: כ"ניתן לסכם כי קיימים סה, אחתכפלופעולת חיבורפעולות שתיאחד מוגדר על ידי " פרפר"מכיוון ש.4

𝑁 log2𝑁 סכומים קומפלקסיים +
𝑁

2
𝑙𝑜𝑔2𝑁מכפלות קומפלקסיות. 23
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▪ FFT: Fast Fourier Transform 

24

𝐺 𝑘 = ෍

𝑟=0

𝑁
2
−1

𝑥 2𝑟 𝑊𝑁
2

𝑟𝑘

𝐻 𝑘 = ෍

𝑟=0

𝑁
2
−1

𝑥 2𝑟 + 1 𝑊𝑁
2

𝑟𝑘

𝑋 𝑘 = 𝐺 𝑘 + 𝑊𝑁
𝑘𝐻 𝑘
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𝑥[0] 000 → 000 𝑥[0]

𝑥[1] 001 → 100 𝑥[4]

𝑥[2] 010 → 010 𝑥[2]
⋮ ⋮ ⋮

𝑥[7] 111 → 111 𝑥[7]

For N=8

input output
Binary 

numbers

MSB ←→ LSB

Most Significant Bit

Least Significant Bit



RECURSIVE 
CALCULATION OF 
THE EXPONENT

▪ While calculating DFT or FFT, one needs 
elements of the Fourier matrix, 𝑊𝑁

𝑘𝑛

1) One can calculate them in advance 
and prepare in tables or 2) Calculate 

in a recursive manner 𝑊𝑁
−(𝑛+1)

= 𝑊𝑁
−𝑛

𝑊𝑁
−1 - requires regular multiplications 

𝑊𝑁
−1 as compared to cos, sin –

disadvantage is in accumulating error
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▪ EasyPolls:
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https://vote.easypolls.net/628a48378d4471006245ee0d


𝑁:כאשרNנניח כי אורך הסיגנל במישור התדר הוא  = 2𝑟 ,ו𝑟את התמרת ה. מספר טבעיIDFTנקבל באופן הבא:𝑋𝑑 𝑘 = σ𝑛=0
𝑁−1𝑥 𝑛 𝑊𝑁

−𝑛𝑘 =

𝑋𝑑:כעת נבצע את הפירוק לשני סכומים 𝑘 = σ
𝑛=0

𝑁

2
−1
𝑥 𝑛 𝑊𝑁

−𝑘𝑛 + σ
𝑛=

𝑁

2

𝑁−1 𝑥 𝑛 𝑊𝑁
−𝑘𝑛 =

= ෍

𝑛=0

𝑁
2
−1

𝑥 𝑛 𝑊𝑁
−𝑘𝑛 + ෍

𝑛=0

𝑁
2
−1

𝑥 𝑛 +
𝑁

2
𝑊𝑁

−𝑘 𝑛+𝑁/2 =

= ෍

𝑛=0

𝑁
2
−1

𝑥 𝑛 + −1 𝑘𝑥 𝑛 +
𝑁

2
𝑊𝑁

−𝑘𝑛 =

𝑋𝑑:שני איברי ההתמרה הסמוכים נראים באופן הבא 2𝑚 = σ
𝑛=0

𝑁

2
−1

𝑥 𝑛 + 𝑥 𝑛 +
𝑁

2
𝑊𝑁/2

−𝑚𝑛 =σ
𝑛=0

𝑁

2
−1
𝑔 𝑛 𝑊𝑁/2

−𝑚𝑛

𝑋𝑑 2𝑚 + 1 = ෍

𝑛=0

𝑁
2
−1

𝑥 𝑛 − 𝑥 𝑛 +
𝑁

2
𝑊𝑁

−𝑛𝑊𝑁/2
−𝑚𝑛 =𝑊𝑁

−𝑛 ෍

𝑛=0

𝑁
2
−1

ℎ 𝑛 𝑊𝑁/2
−𝑚𝑛
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:N=8: דוגמא

.י דילול בתדר/בצע

:פתרון
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▪ We assume that 𝑁 is not a prime number (מספר ראשוני) and can be represented as a 
multiplication of two other two integers 𝑁 = 𝑀𝐿

▪ If 𝑁 cannot be represented by multiplication 𝑁 = 𝑀𝐿 → apply zero padding

▪ Vector 𝑥 𝑛 can be presented as a matrix of 𝐿 ×𝑀 or 𝑀 × 𝐿 elements:

Vector    𝑥 𝑛 , 0 ≤ 𝑛 ≤ 𝑁 − 1

Matrix    𝑥 𝑙,𝑚 , 0 ≤ 𝑙 ≤ 𝐿 − 1, 0 ≤ 𝑚 ≤ 𝑀 − 1

𝑛 = 𝑙 + 𝑚𝐿 column distributions

𝑛 = 𝑚 + 𝑙𝑀 row distributions
31
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▪ The same approach is applied to 𝑋 𝑘 in frequency domain:

Vector    𝑋 𝑘 , 0 ≤ 𝑘 ≤ 𝑁 − 1

Matrix    𝑋 𝑝, 𝑞 , 0 ≤ 𝑝 ≤ 𝐿 − 1, 0 ≤ 𝑞 ≤ 𝑀 − 1

mapping 𝑘 = 𝑝 + 𝑞𝐿 is an arrangement in column

mapping 𝑘 = 𝑞 + 𝑝𝑀 is an arrangement in row

35
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▪ From the definition:  𝑋 𝑘 = σ𝑛=0
𝑁−1 𝑥 𝑛 𝑊𝑁

−𝑘𝑛 , 0 ≤ 𝑘 ≤ 𝑁 − 1

▪ Let arrange columns in 𝑥[𝑛] as 𝑛 = 𝑙 + 𝑚𝐿

▪ Let arrange rows in 𝑋 𝑘 as 𝑘 = 𝑞 + 𝑝𝑀

𝑋[𝑝, 𝑞] = ෍
𝑚=0

𝑀−1

෍
𝑙=0

𝐿−1

𝑥[𝑙,𝑚]𝑊𝑁
−(𝑞+𝑝𝑀)(𝑙+𝑚𝐿)

We simplify the exponent:    𝑊𝑁
(𝑞+𝑝𝑀)(𝑙+𝑚𝐿)

= 𝑊𝑁
𝑞𝑙
𝑊𝑁

𝑚𝐿𝑞
𝑊𝑁

𝑀𝑝𝑙
𝑊𝑁

𝑀𝐿𝑚𝑝

▪ 𝑊𝑁
𝑀𝐿𝑚𝑝

= 𝑊𝑁
𝑁𝑚𝑝

= 1;      𝑊𝑁
𝑚𝑞𝐿

= 𝑊𝑁/𝐿
𝑚𝑞

= 𝑊𝑀
𝑚𝑞

;      𝑊𝑁
𝑀𝑝𝑙

= 𝑊𝑁/𝑀
𝑝𝑙

= 𝑊𝐿
𝑝𝑙

36

𝑘 𝑛



𝑋[𝑝, 𝑞] = ෍

𝑙=0

𝐿−1

𝑊𝑁
−𝑞𝑙

෍

𝑚=0

𝑀−1

𝑥[𝑙,𝑚] 𝑊𝑀
−𝑚𝑞

𝑊𝐿
−𝑙𝑝

(   ) – DFT length 𝐿

[   ] - DFT length 𝑀 on row 𝑙 of 𝑥
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▪ We divide the calculation to steps:

1) Calculate M-point DFT on rows of 𝑥[𝑙,𝑚]

DFT on index m:       𝐹[𝑙, 𝑞] = σ𝑚=0
𝑀−1 𝑥[𝑙, 𝑚]𝑊𝑀

−𝑚𝑞
, 0 ≤ 𝑙 ≤ 𝐿 − 1

2) Calculate multiplications 
𝐺 𝑙, 𝑞 = 𝑊𝑁

−𝑞𝑙
𝐹 𝑙, 𝑞 , 0 ≤ 𝑙 ≤ 𝐿 − 1, 0 ≤ 𝑞 ≤ 𝑀 − 1

3) Calculate L-point DFT on columns of 𝐺[𝑙, 𝑞]

𝑋[𝑝, 𝑞] = ෍

𝑙=0

𝐿−1

𝐺[𝑙, 𝑞]𝑊𝐿
−𝑙𝑝

, 0 ≤ 𝑞 ≤ 𝑀 − 1
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▪ x[l,m] is the matrix 5x3

▪ Step 1: DFT on rows of x[l,m] 

▪ Step 2: Multiply by WN

▪ Step 3: DFT on columns of the 
result

39
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Multiplications:

▪ Step 1: L DFT length of M = LM2

▪ Step 2: LxM multiplications

▪ Step 3: M DFT length of L = ML2

▪ LM2+ML2+LM= LM(M+L+1)

= N(M+L+1)

▪ As compared to N2 in direct computation 

▪ In our example: M=3, L=5, N=15

Direct computation N2: 152=225

CT decimation  15(5+3+1)=135
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▪ Calculation of 𝑋[𝑘] from 𝑋[𝑝, 𝑞] is performed 
by taking rows and converting them to one 
vector.

▪ If 𝑁 is decomposed to more than two 
multiplications, one can continue the 
decimation process: 𝑁 = 𝑟1𝑟2…𝑟𝑣

▪ The decimation process can take place (𝑣 − 1)
times.
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▪ Let analyze the rows of matrices 𝑥, 𝑋: 

▪ In 𝑋 – the rows represent 𝑋[𝑘]

▪ In 𝑥 – the rows represent 𝑥[𝑛] but after 
decimation each 5 samples

-> Therefore, this algorithm is named 
decimation in time. If we arrange by rows 
𝑥 in time, we obtain decimation in 
frequency because the rows of 𝑋[𝑘] will be 
decimated.

When 𝑁 = 𝑎𝑟, a and 𝑟 ∈ ℤ, it is named 
Radix-a FFT if a=2-> Radix-2 FFT

42root



▪ EasyPolls:

43

https://vote.easypolls.net/628a66708d4471006245f276


▪ L=3, M=9

▪ CT: LM(L+M+1)=LM2+ML2+ML

▪ 63 = wrong answer: LxM=3x3->LM2+ML2+ML=3x32+3x32+3x3

▪ 297 = correct answer: LxM=3x9->LM2+ML2+ML=3x92+9x32+3x9=3x63+81+27

▪ 351 = wrong answer: LxM=3x9->LM2+ML2+ML=3x92+9x32+3x9=3x81+81+27

▪ 414 = wrong answer: LxM=3x9->351+63

▪ 729 = wrong answer: direct calculation N2->272
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3x32+3x32+3x3=63

direct calculation



▪ Single stage of decimation of FFT is 𝑵 = 𝟐 × Τ𝑵 𝟐

ቐ
𝑋 𝑘 = 𝐹1 𝑘 +𝑊𝑁

−𝑘𝐹2[𝑘]

𝑋 𝑘 +
𝑁

2
= 𝐹1 𝑘 −𝑊𝑁

−𝑘𝐹2[𝑘]
, 𝑘 = 0,… ,

𝑁

2
− 1

We will write this equation in matrix form: 𝑋1 = 𝐹1 +𝑊𝑁 𝐹2

𝑋2 = 𝐹1 −𝑊𝑁 𝐹2

While 𝑋1, 𝑋2, 𝐹1, 𝐹2 are vectors of length 𝑁/2 and the matrix 𝑊𝑁 is the diagonal matrix

𝑊𝑁 =

𝑊𝑛
0 0

⋱

0 𝑊𝑁

−
𝑁
2
−1
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▪ We add two equations:     
𝑋1

𝑋2
=

𝐹1

𝐹1
+

𝑊𝑁 0

0 −𝑊𝑁

𝐹2

𝐹2
-this is inefficient form since 𝐹1, 

𝐹2 appear twice

▪ An efficient form:   
𝑋1

𝑋2
= 𝐴

𝐹1

𝐹2
, what is 𝐴?    𝐴 =

𝐼 𝑊𝑁

𝐼 −𝑊𝑁

▪ Now, we can calculate 𝐹1, 𝐹2 by decomposition Τ𝑁 2 = 2 × Τ𝑁 4

𝐹1 =

𝐼 𝑊𝑁/2

𝐼 −𝑊𝑁/2
×

𝐹11

𝐹12
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N
/2

N/2

N/4

N/4xN/4

𝑁

1

1



▪ 𝑋 =
𝐼 𝑊𝑁

𝐼 −𝑊𝑁

𝐼 𝑊𝑁/2 0 0

𝐼 −𝑊𝑁/2 0 0

0 0 𝐼 𝑊𝑁/2

0 0 𝐼 −𝑊𝑁/2

𝐹11

𝐹12

𝐹21

𝐹22
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N

N

Matrix A

N

N/4

1

Step I Step II



H.W.

▪ For 𝑁 = 4, develop an expression 
for Radix-2 FFT in a matrix form 
and present the elements of each 
matrix  
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