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N=8

Symmetry in 

k= 1 and k= 7

Symmetry in 

k= 1 and k= 7

Symmetry in 

k= 2 and k= 6

Symmetry in 

k= 2 and k= 6

Symmetry in 

k= 3 and k= 5

Symmetry in 

k= 3 and k= 5
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cos[0]= 1 sin[ 0]= 0

cos 8 points = 2p 8 points = 2p

2 points = p/2

sin shifted p/2 as compared to cos

sin(2p4n/8)= sin(pn)= 0

Note: via this basis 

of cosines and 

sines, one can 

represent any 

vector of ᴇ

sin(2p2n/8)= sin(pn/2) 4 points = 2p

1 points = p/2
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the sum (or integral) of the square of a function is equal to 

the sum (or integral) of the square of its transform



Matrix formulation:                                  ώὼ ὣὢ

ρ

ὔ
ὣὢ

ρ

ὔ
Ὂώ ὢ

=ώ Ὂὢ ώὼ

ÁNote: more simple and computationally efficient as compared to sums.

Proof:

IDFT:
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DFT
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ÁNote that the linear convolution and circular 
convolution produce different results (as can be 
observed near the top and bottom of the images).



ÁAssume two signals ● ▪ and ● ▪ and their DFT transforms ╧ ▓ and ╧ ▓,

ὲ πȟȣȟὔ ρ; Ὧ πȟȣȟὔ ρ.

ÁLet define the multiplication in frequency ὢ Ὧ ὢ Ὧẗὢ Ὧ; Ὧ πȟȣȟὔ ρ

Áὢ Ὧ has length of ὔ.  What is ὼ ὲ?

ὼ ὲ
ρ

ὔ
ὢ Ὧẗὢ ὯὩ

ρ

ὔ
ὼ άὩ ὢ ὯὩ

ὼ ά
ρ

ὔ
ὢ ὯὩ Ὡ

ὼ άὼ ὲ ά
this is similar to convolution

but circular one -> due to modulo N 
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IDFT

DFTὼ

IDFT of

Signal multiplied 

by exp



ÁLet assume two sequences of length N= 4: 
ὼ ὲ ςȟρȟςȟρ
ὼ ὲ ρȟςȟσȟτ

; ὲ πȟȣȟσ

ÁCalculate the circular convolution. Note: for each ὲ, the sum below will change

ÁSolution: ὼ ὲ ὼ άὼ ὲ ά ὲ πȟȣȟσ

ὼ ά ςȟρȟςȟρ

We will circulate convolution for ὲ=0:

ὼ π ά ὼ πȟὼ ρ ȟὼ ς ȟὼ σ

ὼ πȟὼ σȟὼ ςȟὼ ρ
ρȟτȟσȟς

ὼ π ὼ άὼ ὲ ά ςȟρȟςȟρȢzρȟτȟσȟς ςzρ ρzτ ςzσ ρzς ρτ

Solve for n= 1,2,3 ὸέὫὩὸO ὼ ὲ ρτȟρφȟρτȟρφ
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m=0 m=1 m=2 m=3
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ÁWe can write the circular convolution without modulo, as linear 
convolution of periodic signals:

ὼ ὲ ὼ άὼ ὲ ά
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We construct periodic 

sequence from ●▪->> 

Shift to the left

-2 -1

m=-2
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circular shift



ÁAssume ὼὲ and ώὲ length of ὔ. The outcome of the circular convolution is

Úὲ ὼὲ ώὲ

ᾀὲ ὼάώ ὲ ά

ÁEach value of ᾀὲ is the multiplication of ὼὲwith ώ ὲ ά circularly shifted.

ÁWe can represent ᾀ ώὼ

N Sign of circular 

Convolution of modulo N

N
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Circulant matrix

Example: I matrix is circulant matrix

ᾀπ
ᾀρ
ể

ᾀὔ ς
ᾀὔ ρ

ώπ ώὔ ρ ȣ ώς ώρ

ώρ ώπ ȣ ώσ ώς
ể ể ȣ ể ể

ώὔ ς ώὔ σ ȣ ώπ ώὔ ρ

ώὔ ρ ώὔ ς ȣ ώρ ώπ

ὼπ
ὼρ
ể

ὼὔ ς
ὼὔ ρ

circulant matrix

ὲ π

ὲ ρ

ὲ ὔ ρ

ά ρO π ρ ὔ ρ

ά ὔ ςO π ὔ ς ς



In linear algebra , a circulant 

matrix is a square matrix in which 

all row vectors are composed of the 

same elements and each row vector 

is rotated one element to the right 

relative to the preceding row vector. 

It is a particular kind of Toeplitz 

matrix .

In numerical analysis , circulant 

matrices are important because they 

are diagonalized by a discrete 

Fourier transform , and hence linear 

equations that contain them may be 

quickly solved using a fast Fourier 

transform . 

They can be interpreted analytically as the integral 

kernel of a convolution operator on the cyclic group Cn

and hence frequently appear in formal descriptions of 

spatially invariant linear operations. This property is also 

critical in modern software defined radios, which 

utilize Orthogonal Frequency Division Multiplexing to 

spread the symbols (bits) using a cyclic prefix . This 

enables the channel to be represented by a circulant 

matrix, simplifying channel equalization in the frequency 

domain .

In cryptography , a circulant 

matrix is used in 

the MixColumns step of 

the Advanced Encryption 

Standard.
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ÁMatrix ώis named circulant matrix .

Example:

1) Present the matrix relation of in frequency domain and compare it to time domain.

2) Analyze matrix ώ.

Answers: 1) Assume the relation in time domain: ᾀ ώὼ

Multiply by DFT matrix Ὂᾀ Ὂώẗὼ

IDFTὼ Ὂὢᴼ ὤ ὊώὊὢᴼ╩ ═╧

We define:  ὃ ὊώὊ what should be matrix ὃ?
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ÁAnswer:

From the definition of the circular convolution which is the multiplication in 
frequency domain , we expect to obtain:

ὤ

ὣπ
ὣρ

Ệ
ὣὔ ρ

ὢ ὃὢ

ὃ ÄÉÁÇ{ὣ}

ὃis the diagonal matrix via ὣὯ on the diagonal and therefore ὤὯ ὣὯὢὯ

Prove: Ὂώ Ὂ ÄÉÁÇὣ
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2) We will analyze matrix ώ:

We begin with the relation that we õve shown: ὃ ὊώὊ

We multiply by Ὂ from the left and Ὂfrom the right

ὊὃὊ
ρ

ὔ
ὊὊẗώὊὊ ὔẗώ

From here ώ ὊὃὊ

We substitute ὊὊ Ὅᵼ Ὂ Ὂ and ώ Ὂ ÄÉÁÇὣ Ὂ

And ὃ ÄÉÁÇὣ

This is eigen decomposition!

Q Q-1L

Üîáðàæ
òáèÝéãäØ

eigen decomposition
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H.W. prove 

direct relation

ώ
ρ

ὔ
ὊὃὊ

ώ ὊὃὊ



Reminder:

ÁFrom the previous developments, IDFT matrix Ὂ is matrix of eigenvectors of

ώwhile the eigenvalues are the values of DFT vector ὣὯ.

ή- eigenvector      áæîê ðÝàïÝ

‗ðeigenvalue     áæîê âðê
ὗ- eigen matrix    òáæîê Üîáðàæ

ώɇή ‗ɇή

ώὗ ὗɤ

ώ ὗɤὗ

diagonal
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Matrix A acts by stretching the 

vector x, not changing its 

direction, so x is an eigenvector 

of A.

eigenvalue equation for the matrix ώ



ÁIn general, the decomposition ὄ ὗɤὗ shows the action of matrix ὄon vector ὼ,

meaning ὄὼas a first transformation by ὗ matrix, weight in li and the transformation

back by ὗ

ÁThis representation decomposes the matrix ώto 3 operations:

1) Transformation/projection via Ὂ ὗ do DFT

2) Weighing with ɤ-multiply each element by ὣὯ, l                                 multiply by Y[k]

3) Transformation back ὗ= Ὂ which is an inverse transform                              do IDFT

And so, circular convolution in time is the multiplication of two DFTs in frequency domain ->

-> therefore, eigen decomposition shows the meaning in frequency domain of circular correlation 
matrix
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ÁIn in-time zero padding, we add zeros to the (right) end of 
the input sequence.

ÁNote: adding zeros to the beginning (left) of the input 
sequence is different operation: it is shift meaning a change 
in phase

n

x
[n

]



Matlab:

Assume ὼὲ length ὔ. Calculate DFT of length ὓ ὔ

Zero padding in time improves the resolution in frequency by making the sampling of DTFT denser but does 

not add an information ðsimply the result looks better!
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from the right!

the tail is zeros

ὢὩ
DTFT

ὓ ὔὔ

ὼὲ π



ÁIn common language , the word ôresolutionõmay
generally be defined as the òaction or process
of separating or reducing something into its
constituent partsó (The American Heritage
Dictionary of the English Language) .

ÁHistory : In optics : the power of a microscope
system to discriminate the constituent parts of an
object down to a certain level of distinction .

ÁExample 1: The display resolution or display
modes of a digital television, computer monitor
or display device is the number of distinct pixels
in each dimension that can be displayed .

ÁExample 2:, resolution criteria based on the
Nyquist theorem may be very useful to describe
the power of a microscope approach to analyze
the structure of a completely unknown object .

Super-Resolution Imaging and Optomechanical Manipulation 

Using Optical Nanojet for Nondestructive Single -Cell Research, 

Karabchevsky et Al
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