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Using the Maxwell-Bloch equations for resonantly absorbing and amplifying media, we study the
temporal dynamics of light propagation through the PT -symmetric structures with alternating loss
and gain layers. This approach allows us to precisely describe the response of the structure near the
exceptional points of PT -symmetry breaking phase transition and, in particular, take into account
the nonlinear effect of loss and gain saturation in the PT -symmetry broken state. We reveal that in
this latter state the multilayer system possesses a lasing-like behavior releasing the pumped energy in
the form of powerful pulses. We predict locking of pulse direction due to the PT -symmetry breaking,
as well as saturation-induced irreversibility of phase transition and nonreciprocal transmission.

I. INTRODUCTION

PT -symmetric structures and PT -symmetry breaking
seem to be one of the most intensively studied fields in
optics and photonics of active systems [1–3]. It dates
back to the seminal works of Bender and Boettcher
[4, 5], who discovered the real-valued spectra of non-
Hermitian Hamiltonians in quantum mechanics provided
these Hamiltonians are parity-time (PT ) symmetric, i.e.,
invariant with respect to simultaneous parity change and
time reversal. Such ideas can be straightforwardly trans-
ferred to optics using the spatial ordering of passive and
active components, thus introducing the concept of an
optical PT -symmetric system.
The simplest optical PT -symmetric structure can be

realized by means of one-dimensional multilayers — simi-
lar to photonic crystals — with proper spatial variation of
the complex permittivity as ε(z) = ε∗(−z) (here asterisk
stands for complex conjugation). This condition implies
that the real part of the permittivity or refractive index
is an even function of the coordinate, whereas the imag-
inary part is an odd function. Change of the sign of the
imaginary part of the permittivity Imε(z) = −Imε(−z)
apparently requires amplifying materials. It can be, for
instance, an alternation of loss and gain in periodic mul-
tilayers. Two principal schemes, longitudinal and trans-
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verse ones, are usually employed. In the former system,
light propagates directly through the multilayer. In the
latter scheme light propagates perpendicularly to the per-
mittivity distribution, along the layers boundaries, being
analogous to a system of interconnected waveguides (an
optical grating). First theoretical [6, 7] and experimental
[8] results on optical PT symmetry were reported exactly
for the coupled waveguides.

PT symmetry allows new ways for controlling radia-
tion fluxes both in optics and plasmonics [9]. A num-
ber of effects can be highlighted as a fingerprint of the
PT symmetry: nonreciprocity of light transmission and
beam power oscillations [7], anisotropic transmission res-
onances [10], unidirectional “invisibility” [11], negative
refraction, and focusing of light [12]. PT symmetry gov-
erns light localization in disordered structures [13]. The
usage of gain media raises questions concerning available
nonlinear phenomena, such as optical switching and gen-
eration of new types of solitons [14, 15]. Apodization of
the refractive index spatial profiles can be used to facil-
itate switching conditions in PT -symmetric Bragg grat-
ings [16]. Some nonlinear effects connected to PT sym-
metry have been recently observed in experiments with
coherent atomic gases [17]. More prospects are opened
by the fact that PT -symmetric optical gratings are ca-
pable of supporting topologically protected bound states
[18].

It should be noted that the effects mentioned above
may be observable in loss-gain structures lacking the PT -
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symmetry. A typical example is the reflectionless trans-
mission and unidirectional “invisibility” for both normal
[19, 20] and oblique [21] incidence. However, the symme-
try breaking at the exceptional points belongs exclusively
to the PT symmetry domain.
There is a number of phenomena associated with vio-

lation of the PT symmetry. First, a sharp change in po-
larization response of the system is possible at the excep-
tional points [22]. Later an omnipolarizer was designed
for converting any light polarization into a given one [23].
Second, enhanced sensitivity of such kind of systems to
external perturbations near exceptional points provides a
new approach for sensing [24, 25]. Third, PT -symmetry
breaking plays an important role in laser physics offering
new types of lasers [26–28] and anti-lasers [29] based on
the effect of coherent perfect absorption [30, 31]. Finally,
the possibility of light stopping at the exceptional point
was recently reported [32].
In this paper, we study the phenomenon of PT -

symmetry breaking in one-dimensional multilayers com-
posed of resonantly absorbing and amplifying media. We
describe propagation of light in the time domain using
the Maxwell-Bloch equations and taking into account
loss and gain saturation. The influence of the saturable
nonlinearity on nonreciprocity and bistability of PT -
symmetric structures was previously reported both for
transverse [33] and longitudinal geometries [34–37]. How-
ever, those investigations introduced the saturation phe-
nomenologically via the permittivity. Our approach is
based on self-consistent description of temporal dynam-
ics for both light field and medium loss/gain exhibiting
a more realistic treatment of PT -symmetric optical sys-
tems. Therefore, we have a deep insight into peculiar-
ities of the PT -symmetry breaking and related effects.
In particular, we study the lasing-like regime in the PT -
symmetry broken state, where the saturation effects lead
to the unique phase transition in the parameter space and
nonreciprocal transmission of generated pulses. Pulse-
direction locking by the PT -symmetry breaking in the
lasing-like regime is related to the strong light confine-
ment and resembles light polarization locking to its prop-
agation direction in quantum optics [38].
The paper is organized as follows. Section II is devoted

to the description of the theoretical model of the loss-gain
multilayer and parameters used in calculations. We dis-
cuss light behavior in the PT -symmetric phase in Sec. III
by comparing numerical solution of the Maxwell-Bloch
equations and stationary transfer-matrix calculations. In
Sec. IV, the PT -symmetry breaking as a phase transi-
tion to the lasing-like regime is studied with emphasis on
temporal dynamics of the light propagating through the
multilayers. Section V summarizes the article.

II. RESONANT LOSS AND GAIN MEDIA

A periodic planar structure composed of 2N alternat-
ing loss and gain layers shown in Fig. 1 is illuminated

FIG. 1. N-periods multilayer system of alternating slabs with
loss (L) and gain (G). Transmissions and reflections and cor-
responding propagation directions are indicated for the waves
incident from left-hand (TLG and RLG) and right-hand (TGL

and RGL) sides.

by monochromatic light of angular frequency ω at nor-
mal incidence. In this study, both loss and gain are
described in the similar manner, using the model of a
homogeneously-broadened two-level medium. Exclud-
ing the rapidly varying factors exp(−iωt) in polariza-
tion, population difference, and electric field, we write
the Maxwell-Bloch equations [39] for slowly varying am-
plitudes of these quantities as

dρ

dτ
= ilΩw + iρδ − γ2ρ, (1)

dw

dτ
= 2i(l∗Ω∗ρ− ρ∗lΩ)− γ1(w − weq), (2)

∂2Ω

∂ξ2
− n2

d

∂2Ω

∂τ2
+ 2i

∂Ω

∂ξ
+ 2in2

d

∂Ω

∂τ
+ (n2

d − 1)Ω

= 3αl

(

∂2ρ

∂τ2
− 2i

∂ρ

∂τ
− ρ

)

, (3)

where τ = ωt and ξ = kz are respectively the dimension-
less time and distance, Ω = (µ/~ω)A is the normalized
Rabi frequency, A is the electric field strength, ω is the
light circular frequency, k = ω/c is the wavenumber in
vacuum, c is the speed of light, ~ is the reduced Planck
constant, and µ is the dipole moment of the quantum
transition. Rabi frequency is dynamically coupled to the
characteristics of the two-level system – complex ampli-
tude of microscopic (atomic) polarization ρ and difference
between populations of ground and excited states w. Ef-
ficiency of the light-matter coupling is given by the di-
mensionless parameter α = ωL/ω = 4πµ2C/3~ω, where
ωL is the Lorentz frequency and C is the concentration
(density) of active (two-level) atoms. In general, light
frequency ω is detuned from frequency ω0 of the atomic
resonance as described by δ = (ω0 − ω)/ω. The nor-
malized relaxation rates of population γ1 = 1/(ωT1) and
polarization γ2 = 1/(ωT2) are expressed by means of the
longitudinal T1 and transverse T2 relaxation times. The
influence of the polarization of the background dielectric
having real-valued refractive index nd on the embedded
active particles is taken into account by the local-field
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enhancement factor l = (n2
d + 2)/3 [40, 41].

Equilibrium population difference weq will allow us
to describe both gain and loss materials with the same
Maxwell-Bloch equations (1)-(3). When external pump
is absent, the two-level atoms are in the ground state
(weq = 1), and the medium is lossy. In the case of gain,
the equilibrium population difference can be referred to
as a pumping parameter. In the fully inverted medium,
all atoms are excited by the pump (weq = −1). For the
saturated medium with both levels populated equally in
the equilibrium, there are no transitions between the lev-
els (weq = 0).
In the steady-state approximation, when the ampli-

tudes of population difference, polarization, and field are
time-independent, one can use the effective permittivity
of a two-level medium [21]

εeff = n2
d + 4πµCρst/E = n2

d +
K(−δ + iγ2)

1 + |Ω|2/Ω2
sat

, (4)

where Ωsat =
√

γ1(γ22 + δ2)/4l2γ2 sets the level of sat-
uration intensity and K = 3ωLl

2weq/[ω(γ
2
2 + δ2)]. At

the exact resonance δ = 0 and in approximation of low-
intensity external radiation |Ω| ≪ Ωsat, Eq. (4) trans-
forms to εeff ≈ n2

d+3il2ωLT2weq. From this equation it
is clear that gain and loss correspond to negative and pos-
itive weq, respectively. In the stationary approximation,
it is straightforward to obtain a PT -symmetric structure
composed of alternating layers with balanced loss (εeff+)
and gain (εeff−), where

εeff± ≈ n2
d ± 3il2ωLT2|weq|. (5)

PT symmetry holds true, because the necessary condi-
tion ε(z) = ε∗(−z) is fulfilled, providing even (odd) func-
tion of z for the real (imaginary) part of the permittivity.
In Supplemental Material [42], PT -symmetry conditions
are derived straight from the Maxwell-Bloch equations.
It is shown that the system is PT -symmetric only in a
steady state established after some transient period.
Identity of the absolute values of the imaginary parts

of permittivities εeff+ and εeff− can be achieved in dif-
ferent ways. From a practical point of view, it would be
convenient to take unexcited absorbing layers (weq,L = 1)
and pump only the amplifying layers to the level weq,G =
−αL/αG, where αL and αG are the light-matter cou-
pling coefficients for loss and gain layers, respectively.
Tuning of these coefficients can be properly carried out
by affecting the concentration of active particles in both
types of layers. Without imposing any restrictions, it is
fair to claim within this theoretical investigation that the
loss and gain layers have equal concentrations C (hence,
equal couplings α) and absolute values of the pumping
parameter |weq |. Some additional data on the variant
with completely unexcited absorbing layers are given in
Supplemental Material [42].
Eqs. (1)–(3) are solved numerically using the FDTD

approach developed in our previous publication [43] and
recently adapted to study loss-gain structures [21]. As

an initial value of the population difference, we employ
the pumping parameter, i.e., w(t = 0) = weq . Compari-
son of the results of numerical simulations with those of
the transfer-matrix method with Eq. (5) for permittivi-
ties of loss and gain layers will unveil the limitations of
applicability of the latter approach.
In this paper, we use semiconductor doped with quan-

tum dots as an active material and assume the condition
of exact resonance δ = 0 is valid. It can be charac-
terized by the following parameters [44, 45]: nd = 3.4,
ωL = 1011 s−1, T1 = 1 ns, and T2 = 0.5 ps. Gain co-
efficient g = 4πIm(

√
εeff−)/λ ≤ 104 cm−1 is estimated

according to Eq. (5) for λ ∼ 1.5 µm and |weq| ≤ 0.2
can be realized in practice [46]. The multilayer structure
contains N = 20 unit cells. Both loss and gain layers
have the same thickness d = 1 µm. The pumping scheme
similar to that realized by Wong et al. [29] can be used in
our system. It is also worth noting that the choice of ma-
terials is not unique, but the multilayer parameters and
light wavelength may need to be appropriately adjusted
to obtain similar results with different materials.

III. TEMPORAL DYNAMICS OF LIGHT IN

PT -SYMMETRIC PHASE

We start our study analysing the stationary character-
istics of one-dimensional PT -symmetric structures. In
the stationary mode, the transfer-matrix method for the
wave propagation through multilayers with permittivi-
ties (5) is exploited. Owing to reciprocity of the system,
the transmission of oppositely propagating (forward and
backward) waves is the same, but the reflection is differ-
ent. We denote these two directions of wave propagation
with subscripts LG and GL (see Fig. 1) originating from
the order of layers in the unit cell of the structure. In
the case of weq = 0 (homogeneous dielectric slab of thick-
ness 2Nd), the reflections are equal, RLG = RGL [Fig.
2(a)]. Divergence of the curves for RLG and RGL in Figs.
2(b)-2(d) indicates existence of the PT -symmetry in the
full accordance with the properties of transfer matrices
of such systems [10]. In these figures, one can notice
another well-known feature – the so-called anisotropic
transmission resonance (ATR) [10]. It emerges under the
following conditions: transmission T = 1 and one of the
reflections is zero. Thus, the ATR arises for the two
wavelengths marked with arrows in Fig. 2 corresponding
to RGL > RLG = 0 and RLG > RGL = 0. Transmission
exceeds unity between these points.
The increase of the pumping parameter (hence, the

absolute value of the imaginary part of slabs’ permittiv-
ities) results in the red shift of the ATR. This means
that the ATR can be reached by changing |weq| at any
fixed wavelength near the transmission peak. In order to
examine this prediction of the transfer-matrix method,
we perform numerical simulations of the Maxwell-Bloch
equations (1)-(3) for a monochromatic wave (λ = 1.513
µm) propagating through the PT -symmetric multilayer
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FIG. 2. Reflection (R) and transmission (T) spectra for different levels of pumping: (a) |weq | = 0, (b) |weq | = 0.1, (c)
|weq | = 0.15, and (d) |weq | = 0.2. The parameters of the PT -symmetric structure are given in the text. Arrows mark
anisotropic transmission resonances.
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FIG. 3. Dependence of stationary levels of the reflection
(R) and transmission (T) on pumping parameter |weq | at the
wavelength λ = 1.513 µm. Symbols and lines correspond to
results of numerical and transfer-matrix calculations, respec-
tively.

with different pumping parameters. To keep the corre-
spondence with the transfer-matrix approach, the sat-
uration should be neglected. Here it is realized for as
low incident wave amplitude as Ω0 = 10−5γ2 ≪ Ωsat.
The results of numerical calculations shown with sym-
bols in Fig. 3 agree well with those of matrix method
(lines in Fig. 3). The ATR at |weq | ∼ 0.125 is also con-

firmed in the FDTD calculations. Temporal dynamics
shown in Fig. 4 demonstrates the transient process to
the steady-state formation in the dielectric slab [in the
absence of loss and gain, panel (a)] and PT -symmetric
structure in conditions of the ATR [panel (b)]. Since the
steady state is rapidly established, the transfer-matrix
approach is well applicable in this no-saturation regime.
Absence of saturation is directly demonstrated by the in-
set in Fig. 4, where the population difference does not
change during establishment of the steady state. The ini-
tial transient regime is unavoidable in realistic systems.
It can be studied with the FDTD method, and PT sym-
metry is unreachable in this mode due to impossibility
to change the sign of relaxation rates γ1 and γ2 (see Ref.
[42]).

IV. PHASE TRANSITION DYNAMICS

PT -symmetry breaking can be considered as a peculiar
phase transition. It can be realized either by changing
wavelength λ of light for a given value of pumping pa-
rameter |weq |, or, conversely, by changing the pumping
parameter at a fixed wavelength. The latter variant is
analyzed in this paper. The former one deserves a sepa-
rate study, since it implies the necessity to consider the
effects of frequency detuning. The criterion of the PT -
symmetry breaking is usually formulated in terms of the
eigenvalues s1 and s2 of the scattering matrix [10]. The
scattering matrix connects the left and right input fields
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FIG. 4. Temporal dynamics of the reflected (R) and transmit-
ted (T) intensity for the pumping parameters (a) |weq | = 0
and (b) |weq | = 0.12. Inset shows dynamics of population
difference at the entrance of the first loss and gain layers.

with left and right output fields. A PT -symmetric sys-
tem has unimodular eigenvalues |s1| = |s2| = 1 of the
scattering matrix. When PT symmetry is violated, the
modules of the eigenvalues are inverse as |s1| > 1 and
|s2| = 1/|s1| < 1. At the points of phase transition
called exceptional points, the eigenvectors of the scatter-
ing matrix coincide. Using the definition of the scattering
matrix [10]

S =

(

rLG tGL

tLG rGL

)

, (6)

we calculate both eigenvalues and eigenvectors for pump-
ing parameter |weq | swept through the whole interval
from 0 to 1. Here tLG, tGL, rLG, and rGL are the
transmission and reflection coefficients, which can be ex-
pressed through the respective elements of transfer ma-
trix M : tLG = 1/M11, tGL = det[M ]/M11 = tLG (since
det[M ] = 1), rLG = M21/M11, and rGL = −M12/M11.
Stationary transmission and reflection are calculated as
T = |tLG|2 = |tGL|2, RLG = |rLG|2, and RGL = |rGL|2.
Results of transfer-matrix calculations for the multilayer
structure with the permittivities (5) are shown in Fig. 5.
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FIG. 5. (a) Logarithm of eigenvalues s1 and s2 and (b) dif-
ference of eigenvectors |v1 − v2| of the scattering matrix as a
function of the pumping parameter |weq |.

At the first exceptional point |weq| ≈ 0.222, the phase
transition occurs and eigenvalues cease to be unimodu-
lar [Fig. 5(a)], whereas the difference between eigenvec-
tors vanishes [Fig. 5(b)]. Unimodularity is violated and,
therefore, PT symmetry is broken up to the second ex-
ceptional point. The latter returns the system into the
PT -symmetric state. All in all, there is a number of
ranges of |weq | with broken symmetry and a correspond-
ing number of exceptional points.

Transfer-matrix approach used so far cannot describe
dynamics of the wave propagation in resonant media by
its definition. Now we will employ the rigorous Maxwell-
Bloch equations for studying light dynamics near an ex-
ceptional point. There is a dramatic discrepancy be-
tween the two calculation techniques, when the pump-
ing parameter approaches the exceptional point. Rela-
tive difference in transmission calculated with help of the
Maxwell-Bloch and transfer-matrix approaches, |TMB −
TTM |/TMB ≈ 0.13, results in the satisfactory agreement
for |weq | = 0.22, but its value 0.48 at |weq | = 0.23
is unacceptably large. Such a large discrepancy stems
from the qualitatively different behaviors of the system
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FIG. 6. Temporal dynamics of the reflected (R) and transmit-
ted (T) intensity for the pumping parameter (a) |weq | = 0.23
and (b) |weq | = 0.24.

at |weq | = 0.23: the system is above the exceptional point
according to the transfer-matrix method, whereas it is
still in the PT -symmetric state according to the FDTD
simulations. In fact, temporal dynamics with an estab-
lished stationary state in Fig. 6(a) is distinctive for the
PT symmetry (cf. Fig. 4). Formation of the steady state
after a rather short time corroborates existence of the bal-
ance between gain and loss at |weq | = 0.23. The general
tendency is that the closer to the exceptional point, the
longer the transient period is. At the exceptional point
[Fig. 6(b)], the field rapidly grows changing population
difference w, this grow being limited by saturation.

Breaking of PT symmetry is expected to result in the
strong (exponential) amplification of propagating waves
due to the fact that gain can not be compensated with
losses in this case. In Fig. 6(b), instability exhibiting
very strong light amplification is observed at |weq | =
0.24. The energy pumped in the system is promptly re-
leased as a high-intensity pulse. In concordance with Ref.
[21], this regime can be called a lasing-like (or quasilas-
ing) mode. It can be treated as a dynamical feature of
the phase state of broken PT symmetry. In contrast to
the true lasing the pulse is generated not by small field

fluctuations, but rather in response to the incident wave
(though the intensity of input wave can be taken much
lower, as evidenced by Supplemental Material Fig. S4
[42]). At the exceptional point, we have a very long tran-
sient period and the stationary levels of reflection and
transmission are again expected to occur in the long-
time limit [21]. These levels strongly differ from those
calculated with the transfer-matrix method due to sat-
uration development discussed further. In other words,
the resulting population difference will be no more de-
termined by pumping parameter weq as assumed in Eq.
(5). The pulse gets shorter and more powerful with in-
creasing |weq| as evidenced by comparison of Fig. 6(b)
and Supplemental Material Fig. S1 [42]. The spectra of
transmitted radiation shown in Fig. 7 indicate the shift
of maximal amplification from the resonant wavelength
λ = 1.513 µm (below the exceptional point) to longer
wavelengths (above the exceptional point). This redshift
in the lasing-like regime can be explained by two factors:
(i) higher light absorption on the resonant wavelength
in the loss layers, so that amplification at the neighbor-
ing wavelengths becomes prevalent, (ii) intensity modu-
lation due to incomplete stationary-state establishment
(see Supplemental Material Fig. S5 [42]). We should
stress that although the matrix method with permittiv-
ities (5) is able to approximately determine an excep-
tional point, it fails in adequate description of the phase
transition and in describing temporal dynamics of light-
structure interaction. In other words, the full system
of Maxwell-Bloch equations should be exploited in the
vicinity of the points of PT -symmetry breaking.

Strong amplification of a signal in the non-PT -
symmetric phase [Fig. 6(b)] plays important role in loss
and gain saturation. Indeed, normalized light amplitude
Ω inside the system is not much less than Ωsat any-
more. Population difference preserves its initial value
w(t) = weq in the PT -symmetric state below the ex-
ceptional point (see the dashed lines in Fig. 8, for
|weq| = 0.23). However, fluctuations of the popula-
tion difference due to saturation occur above the excep-
tional point, at |weq| = 0.24, in both LG (in the loss
layer) and GL (in the gain layer) configurations. Sat-
uration imposes constraint on further increase of light
intensity as evidenced by the coincidence of the intensity
peak in Fig. 6(b) and saturation development in time
in Fig. 8. Fluctuations indicate that the PT symme-
try is broken through violation of the necessary condi-
tion ε(z) = ε∗(−z) and loss and gain are not balanced
anymore. Saturation also leads to the irreversible phase

transition in the system: the return of the system to the
PT -symmetric state predicted by the stationary theory
at larger pumping parameters (see Fig. 5) is impossi-
ble, since Eq. (5) is not valid anymore. Direct FDTD
calculations for |weq | > 0.24 (see Supplemental Material
Fig. S1 [42]) do support this conclusion resulting in the
lasing-like dynamics similar to that shown in Fig. 6(b).

Broken PT symmetry drastically affects dynamics of
the transmitted and reflected waves. Owing to the non-
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FIG. 7. Spectra of transmitted radiation for different levels of pumping: (a) |weq | = 0.1, (b) |weq | = 0.23, (c) |weq | = 0.24, and
(d) |weq | = 0.3. The spectra are normalized on the intensity at the resonant wavelength 1.513 µm.
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FIG. 8. Temporal dynamics of the population difference in the first unit cell of LG and GL structures at the pumping parameters
|weq | = 0.23 and 0.24: (a), (c) w(t) in the loss layer and (b), (d) w(t) in the gain layer.

linear process of saturation, the transmission becomes
asymmetric, TLG 6= TGL, i.e., the multilayer structure
is nonreciprocal. Usually the saturation-induced nonre-
ciprocity is introduced through the nonlinear permittiv-
ity Eq. (4) [35, 36], but solution of dynamic Eqs. (1)-

(3) is more accurate and informative. In the saturation
regime the system is non-Hermitian, but it can be lin-
earized to a PT -symmetric multilayer [36].

Intensities of the pulses escaping the system do not
depend on the direction of incident light: almost the



8

0 50 100 150 200
0.0

0.5

1.0

1.5

RGL

TGL
RLG

N
or

m
al

iz
ed

 in
te

ns
ity

t / T2

TLG

Incident

(a)
|weq|=0.01

0 50 100 150 200
0.0

0.2

0.4

0.6

0.8

1.0

1.2 (b)

Incident

TGL

RGL

RLG

N
or

m
al

iz
ed

 in
te

ns
ity

t / T2

TLG

|weq|=0.1

FIG. 9. Temporal dynamics of the reflected (R) and transmit-
ted (T) intensity for the pumping parameter (a) |weq | = 0.01
and (b) |weq | = 0.1 in the case of the wave with relatively
large initial amplitude Ω0 = 10−2γ2.

same pulses are emitted from the gain and loss ends of
the multilayer after reversing the input light direction
(TLG = RGL and TGL = RLG) as shown in Fig. 6(b). In
other words, direction of the output pulses is locked by

PT -symmetry breaking. This locking can be presumably
caught only within the dynamical calculations, because
it has not been reported earlier. Nonreciprocal transmis-
sion is accompanied by the propagation direction lock-
ing at higher pumping as well, what is demonstrated in
Supplemental Material Fig. S1 [42] for |weq| = 0.3 and
0.4. Locking of the light propagation directions can be
viewed as a possible basis for peculiar all-optical diodes
and transistors.

It should be emphasized that the saturation is not the
reason for this locking. In order to demonstrate this, we
consider wave propagation in saturation regime (for ini-
tial amplitude Ω0 = 10−2γ2) which breaks PT symmetry
at every value of the pumping parameter. Nonreciprocity
of transmission due to saturation is clearly seen in Fig.
9, but the direction locking of output pulses is missing.
Therefore, the PT -symmetry breaking is necessary for
this locking to occur.

The behavior similar to that described above generally
occurs near the exceptional points as evidenced by Figs.

S2, S3, and S4 in Supplemental Material [42]. In par-
ticular, the number of layers controls position of the ex-
ceptional point: when the structure length is decreased,
higher pumping is needed for PT -symmetry breaking
(Fig. S2 of Supplemental Material [42]) and vice versa.
Although system’s response is generally very complex due
to interplay of the loss/gain and multilayer resonances
[37], the results similar to discussed above are expected
for other parameters of the structure and proper oper-
ating frequency. Such scalability is encouraging for de-
signing realistic realizations of PT -symmetric multilay-
ers. We would like to emphasize that another model of
PT -symmetric multilayer with unexcited absorbing lay-
ers mentioned in Section II provides the similar results
(see Supplemental Material Fig. S6 [42]).

V. CONCLUSION

We have analyzed temporal dynamics of light in PT -
symmetric periodic multilayers, the gain and loss slabs
being modeled as a resonant medium. Light-matter in-
teractions in the resonant media are described by the
Maxwell-Bloch equations, which are simulated numeri-
cally to provide deeper insight into transition dynamics
between the PT -symmetric and PT -broken phases. In
particular, predictions of the stationary transfer-matrix
method are shown to be inadequate in the vicinity of
the exceptional points. We feature the so-called lasing-
like regime in the PT -symmetry broken state character-
ized by emission of powerful pulses of radiation and de-
velopment of saturation. The latter is the reason for
phase transition irreversibility – that is, the system can-
not return to the PT -symmetric state for the pumping
parameters above the exceptional point. In the PT -
broken phase, the direction of pulses escaping the sys-
tem is found to be locked by the PT -symmetry breaking,
meaning that the intensities of two output waves are in-
dependent of the direction of the incident radiation. The
approach based on the Maxwell-Bloch equations seems to
be rather general and applicable to structures with other
geometries, e.g., coupled ring resonators [26]. We envis-
age its application to investigation of other effects near
the exceptional points, such as coherent perfect absorp-
tion (anti-lasing) [29–31]. Intricate interplay between loss
and gain in PT -symmetric systems opens up new op-
portunities for constructing photonic devices for optical
communications, computing, and sensing. The approach
proposed here is expected to be useful to realize some of
these diverse functionalities.
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I. DERIVATION OF THE CONDITIONS FOR

PT SYMMETRY

Let us derive the conditions for PT symmetry directly
from the Maxwell-Bloch equations. We start with the
quantum-mechanics-like equation

Ĥ(r, t)ψ(r, t) = λψ(r, t), (S1)

where Ĥ is a differential operator. It is transformed to

Ĥ∗(−r,−t)ψ∗(−r,−t) = λ∗ψ∗(−r,−t), (S2)

under the action of parity P̂ and time T̂ operators. In
other words, the P̂ T̂ operator changes z → −z, t → −t,
and i → −i. The system is PT -symmetric, if Ĥ(r, t) =

Ĥ∗(−r,−t) and ψ(r, t) = ψ∗(−r,−t). Then Eqs. (S1)

and (S2) coincide and Ĥ has a real spectrum λ = λ∗.
Now we turn to the Maxwell-Bloch equations and

denote the action of P̂ T̂ -operator with the tilde, e.g.,
ρ̃ = P̂ T̂ ρ(z, t) = ρ∗(−z,−t). Acting with the PT opera-
tor on Eqs. (1)-(3) of the main text, one gets

dρ̃

dτ
= il̃Ω̃w̃ + iρ̃δ̃ + γ2ρ̃, (S3)

dw̃

dτ
= 2i(l̃∗Ω̃∗ρ̃− ρ̃∗ l̃Ω̃) + γ1(w̃ − w̃eq), (S4)

∂2Ω̃

∂ξ2
− ñ2

d

∂2Ω̃

∂τ2
+ 2i

∂Ω̃

∂ξ
+ 2iñ2

d

∂Ω̃

∂τ
+ (ñ2

d − 1)Ω

= 3α̃l̃

(

∂2ρ̃

∂τ2
− 2i

∂ρ̃

∂τ
− ρ̃

)

. (S5)

Eq. (S5) coincides with Eq. (3) from the main text,

if nd = ñd, α = α̃, Ω = Ω̃, and ρ = ρ̃. In other words,
nd(ξ) = n∗

d(−ξ), α(ξ) = α(−ξ), Ω(ξ, τ) = Ω∗(−ξ,−τ),

and ρ(ξ, τ) = ρ∗(−ξ,−τ). Condition nd(ξ) = n∗

d(−ξ)
leads to l(ξ) = l∗(−ξ). The relaxation rates cannot
change the sign, therefore, Eqs. (S3) and (S4) cannot
be turned into Eqs. (1) and (2) of the main text. Thus,
the PT symmetry is not applicable to the Maxwell-Bloch
equations in general, but only to the particular cases of
negligible relaxation rates (in comparison with the fre-
quency of light) and/or stationary regime.
In the stationary regime, time-independent Ω, w and

ρ can be joined into a vector ψ(ξ) = (Ω, ρ,W )T , where
W = iw, and Eqs. (1) and (2) of the main text read

lΩW + iρδ − γ2ρ = 0,

l∗Ω∗ρ− ρ∗lΩ+ γ1(W − iweq) = 0. (S6)

Operator P̂ T̂ transforms these equations to

l̃Ω̃W̃ − iρ̃δ̃ − γ2ρ̃ = 0,

l̃∗Ω̃∗ρ̃− ρ̃∗ l̃Ω̃ + γ1(W̃ + iw̃eq) = 0. (S7)

PT-symmetry requires ψ = ψ̃, weq = −w̃eq, and δ =

−δ̃, or ψ(ξ) = ψ∗(−ξ), weq(ξ) = −weq(−ξ), and δ(ξ) =
−δ(−ξ).
Thus, conditions for existence of PT symmetry in res-

onant media are (i) the stationary regime, (ii) weq(ξ) =
−weq(−ξ), and (iii) δ(ξ) = −δ(−ξ). The same conditions
follow from Eqs. (4) and (5).
Note also that in the case of the low-intensity in-

cident pulse (as compared to the saturation intensity,
Ω << Ωsat), the population difference w remains un-
changed and equal to weq , while the polarization ρ ∼ Ω
remains small and rapidly takes the stationary value.
Under such conditions, the system remains almost PT -
symmetric during all the process of the stationary-state
establishment.

http://arxiv.org/abs/1808.07477v1
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II. CALCULATIONS FOR THE CASE

DISCUSSED IN THE MAIN TEXT

In this section, we give results of additional calcula-
tions which support Section 4 of the main text. Figure
S1 shows the profiles of reflected and transmitted inten-
sity for the pumping parameters |weq | = 0.3 and 0.4 at
the same parameters as in Fig. 6. These profiles possess
the same pattern as in Fig. 6(b), i.e., we see direction
locking and nonreciprocity characteristic for the lasing-
like regime, but the pulses are much shorter and more
smooth. Note that scattering-matrix calculations predict
PT -symmetric state at |weq| = 0.4 (see Fig. 5(a)).

In order to prove that the lasing-like regime is con-
nected with PT -symmetry breaking, we calculate wave
propagation through the structures with the changed pa-
rameters. This change results in the shift of the excep-
tional point. Figure S2 shows the case of 1.5-times in-
creased density of active particles, so that the Lorentz
frequency is ωL = 1.5 × 1011 s−1. In this case, PT -
symmetry breaking occurs at lower pumping parameters
in comparison with the case discussed in the main text.
On the contrary, decreasing the number of layers in the
structure leads to the shift of the exceptional point to
larger |weq | as seen in Fig. S3 for N = 15. In both
cases, however, breaking of PT symmetry is accompa-
nied by the transition to the lasing-like regime with di-
rection locking clearly seen.

We have also studied the case of much lower incident
wave amplitude Ω0 = 10−10γ2 than that considered in
the main text (Ω0 = 10−5γ2). The results for this case
shown in Fig. S4 indicate that the position of excep-
tional point does not depend on initial light intensity
and, hence, is the inherent characteristic of the system.
Relative (or normalized by the incident intensity) trans-
mission and reflection in Fig. S4(a) and Fig. 6(a) are
identical in the PT -symmetric state. In the state of bro-
ken PT symmetry, the intensities of transmitted and re-
flected pulses in Fig. S4(b) and Fig. 6(b) have the same
absolute (non-normalized) values reached over different

periods: the weaker input wave, the longer period.
Finally, Fig. S5 shows the process of steady-state

establishment above the exceptional point. One can
see that this process is much longer than in the PT -
symmetric state and is accompanied by violent fluctua-
tions of intensity, which may be one of the reasons for
spectral maximum shift reported in Fig. 7 of the main
text.

III. CALCULATIONS FOR THE CASE OF

COMPLETELY UNEXCITED ABSORBING

LAYERS

This section contains additional information on an-
other possibility to achieve PT symmetry mentioned in
Section 2 of the main text. We take completely unexcited
absorbing layers (weq,L = 1) and pump the amplifying
layers to a certain level weq,G < 0, which depends on
the relationship between densities C of active particles
in loss and gain layers (or, equivalently, on the relation-
ship between the light-matter coupling coefficients, since
α ∼ C). Indeed, for the loss layers we have

εeff+ ≈ n2
d + 3il2ωL,LT2, (S8)

whereas for the gain layers we can write

εeff− ≈ n2
d − 3il2ωL,GT2|weq,G|. (S9)

The necessary condition for PT symmetry requires the
equality of imaginary parts Eqs. (S8) and (S9), so that
|weq,G| = ωL,L/ωL,G = αL/αG, where αL and αG are
light-matter coupling coefficients for loss and gain layers,
respectively.
The results of calculations with ωL,G = 1011 s−1 and

ωL,L = |weq,G|ωL,G for |weq| = 0.23 and 0.24 are shown
in Fig. S6. The other parameters are the same as in
the main text. It is seen that the profiles of transmitted
and reflected intensity are in good agreement with that
reported in Fig. 6. This proves that the cases of equal
particles density and completely unexcited absorbing lay-
ers are equivalent for study of PT symmetry.
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FIG. S1. Temporal dynamics of the reflected (R) and transmitted (T) intensity for the pumping parameter (a) |weq | = 0.3 and
(b) |weq | = 0.4.
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FIG. S2. The case of increased particle density (ωL = 1.5× 1011 s−1): Temporal dynamics of the reflected (R) and transmitted
(T) intensity for the pumping parameter (a) |weq | = 0.15 and (b) |weq | = 0.16. (c) Corresponding dependence of logarithm of
the scattering-matrix eigenvalues s1 and s2 on the pumping parameter. The eigenvalues are calculated with the transfer-matrix
method in stationary approximation.
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intensity for the pumping parameter (a) |weq | = 0.26 and (b) |weq | = 0.27. (c) Corresponding dependence of logarithm of the
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FIG. S4. The case of lower input intensity Ω0 = 10−10γ2: Temporal dynamics of the reflected (R) and transmitted (T) intensity
for the pumping parameter (a) |weq | = 0.23 and (b) |weq | = 0.24.
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FIG. S5. Stationary state establishment for |weq | = 0.3 [see Fig. S1(a)].
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FIG. S6. The case of completely unexcited absorbing layers: Temporal dynamics of the reflected (R) and transmitted (T)
intensity for the pumping parameter (a) |weq | = 0.23 and (b) |weq | = 0.24.


