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SYLLABUS
—

Topic Content Lectures| References
Introduction | Course content and requirements, classification | 1
signals, useful functions, transforms, systems. J/ bl
Sampling Sampling in time, frequency perspective, sampling | 1, 2 [1] Ch. 3
bandwidth, the sampling theorem, aliasing, samplin
bandpass signals —
Non-uniform sampling, sampling and functional arﬁl?j%, 4 See coursé
— — website
DFT DFT definition, IDFT, DFT as samples DTHiroperties] 5 [1] Ch. 4
examples.
Matrix  representation, Circular  shift, circul| 6, 7 [1] Ch. 4
convolution,
Zero padding in time and frequency, lineanvolution| 7, 8 [1] Ch. 4
using DFT )
FFT - the fast Fourier transform 9, 10 [2] Ch.8
Digital Overlapadd and overlagave filtering 10,11 |[2]Ch.7.3
filtering IR and FIR filters 12,13 |[2]Ch.9
Conclusion | Overview, examination 13 @
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Linear
systems

Intro to
Signal
Processing

DSP
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10.
11.
12.
13.
14.

DIGITAL
SIGNAL
PROCESSING
principles, Algorithms

Introduction

Discrete -time signals and systems

The Z-transform and its application to the analysis of LTI systems
Frequency analysis of signals and systems

Frequency domain analysis of LTI systems

Sampling and reconstruction of signals

The discrete Fourier transform: Its properties and applications

Efficient computation of the DFT: Fast Fourier transform
algorithms

Implementation of discrete -time systems
Design of digital filters

Multirate digital signal processing

Linear prediction and optimum linear filters

Adaptive filters

Power spectrum estimation



LIST OF EQUATIONS

Introduction to Signal Processing 361-1-3321 List of equations
Sampling
[mpulse train p(t) =30 d(t—nT), Pliw)=w¥p . 0w—kw,), w,=%&
[deal sampling rs(t) = z(t)p(t)
FT of sampled signal Xa(jw) = F 3 pe o X (Jw — jhws)
Reconstruction (Shannon) =x(t)=3% " _ x(nT)sinc [1—‘-}‘1]
Reconstruction O-order z(t)=>%. " _ x(nl)Il (#—3)

Reconstruction 1st-order  z(t) =3~ _ z(nT)A {%]

Frequency relations 0 =wT = Eﬂ?r—
S




LIST OF EQUATIONS — FOURIER SERIES KIND OF TRANSFORM FOR
PERIODIC SIGNALS

Fourier series (FS)

Definition o(t) =500 apedet gy = o [Lop(t)e kel dt
Time shifting =t — 1) e~ TkwoT g,

Time reversal  x(—t) a_j

Time scaling x{at),a = 0 (periodic %I g

Conjugation xr*(t) a*,

Symmetry x(t) real ap = a* |
Differentiation %:gfr] Jkwpag

[ntegration fiid r(t)dt, ap =10 ﬁ?

Convolution fT xr(T)y(t — 7)dr Tapb.

Multiplication — x(t)y(t) P e o @b
Cosine 2A cos(wot + B) a; = AelB q_; = Ae—iB
Parseval = [ |z(t)|*dt = S ek

o




Fourier transform (FT)

LIST OF EQUATIONS — FOURIER TRANSFORIM FOR CONTINUOUS
TIME SIGNALS NOT NECESSARILY PERIODIC

Definition
Time shifting
Time scaling
Conjugation
Symmetry
Differentiation
Integration
Convolution
Multiplication
Delta

One

Exponent
Cosine

Sine

Unit step
Decaying step
Rectangular pulse
Sinc

Parseval

« )

2(t) = 5= [T X (jw)ed“ dw
x(t —7)

r(at)

x*(f)

x(t) real

d o
m.ilftfl

‘j'q_ z(T)dr

e )

I =(m)y(t —7)dr
e )1

x(t)y(t)

tfllt;:

1

E’j-.f'\'*;(.!

cos(wpt)

sin{uyt)

u(t)

u(t)e™™, a=0

11(4)

5111{:(%]

7 ()2t =
e 1T

X (jw) = [7 z(t)e I« dt
e~ X (fuwr)
1 Yia ./
Tl f..'l‘w_.-ﬂ\J
X*(—jw)
X(jw) =X*—jw)
JwX (juw)
7 X (jw) + X (0)d(w)
X (jw)Y (jw)
o= [T X (ju)Y (jw — ju)du
1
2w (w)
28w — wy)
T[ﬁ (w—wo) + dlw + -:;J[];:]
:I:[f;:__w‘ — IZA.,'[];: — l::IIIL..,..,1 B ..,...‘[]:
1 )
_i‘_u. e .'IL‘:'IT.A.-'_'.

L
a+jw

Tsinc( o)
T z57)
.el— J_l‘_ .Yllj;.x;jl|2rfo,'
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LIST OF EQUATIONS — DTET

Discrete-time Fourier transform (DTFT)

Definition

Time shifting
Time reversal
Conjugation
SymmetTy
Convolution
Multiplication
Delta

One

Exponent

Cosine

Sine

Decaying step
Rectangular pulse
Sinc (normalized)

Parseval

— L [ X(ed?)eddp
-.r[n—ﬂ.;.]
z[—n]
z*[n]
x[n] real

x[m]y[n — m]

m=—0o0
x{n]y[n]
d[n]
1
gitan
cos|flgmn]
sin[fyn]
u[nja™, |a| < 1
Iy [n]
sin[Wn

T

Yoo lEMIF =

X(e)=%> _ x[nje i
e~ J9ma X (1Y)
X (e
X*(e %)
X(e?) = X*(e 1)
.‘{[ﬁf”]}’ (e7%)

o for X(e72)Y (e1"=9))dp
1
2ry .. 480 —2mm)
2y o= 00—y — 2mm)

T Zm=—m[ﬂ':ﬁ — o — 2wm) + 4(6 + fo — 2wm)]
=y [6(6 — By — 2mrm) — &(6 + 6y — 27m)]

3 M= —

1
I—ae—JF

sin[#{ N+ 2]
sin{#2)

et H[H—E:ﬂrm:l

m=—oc ZW

25 Jom | X (e7°)d0




LIST OF EQUATIONS — Z TRANSFORM

Z. transform

Definition
Time shifting
time reversal
Conjugation
Convolution
Delta
Decaying step

z[n] =%ﬁ§‘1‘-’[3}3n_]d3 X(z) o E[m]zT
r[n — ng) "0 X ()
r[—n] X(z-1)
T n] X*(2*)
> x[m]y[n —m] X(2)Y(z)
d[n] 1
a"uln] = (2 > a)




LIST OF EQUATIONS — USEFUL FUNCTIONS AND RELATIONS

(GGeneral

Rectangular pulse, r € R
Rectangular pulse, n € £
Triangle function, r € R
Unit step, x € R

Unit step, n € £

Sinc, r € R

Sine-sine product
Cosine-cosine product
Cosine-sine product
Eigen-decomposition

Numbers

3, |z| =3 0, elsewhere}

M(z) = {1, |z| < 3 :
IIy[n] ={1, |n| £ N: 0, elsewhere}

"i{ﬂ. ={1—|z|, || <1; 0, elsewhere}
1
2

r)={l, x>0 r=0; 0,elsewhere}
u[ﬂ] = {1, n=0; 0, elsewhere}
sinc(x) = Hm,'i: X,

sin(a) sin(b) = 3 cos(a — b) — 5 cos(a + b)

cos(a) cos(b) = .li.{]hr:ﬂ —b)+ l{ﬂhliﬂ + b)

2 z
cos(a) sin(b) = £ sin(a + b) — 5 sin(a — b)

A=QAQ"'

Real: B, Complex: C, Integer: £, Natural: M

©



LIST OF EQUATIONS -NEW TRANSFORM DFT

Discrete Fourier transform (DFT)

Definition rn] = & o X[kled®nk  X[k] = TN z[n]e— 3%k
Time shifting  z[((n — no))n] eI T ok Y k]

Time reversal x*[({—n))n] X*[k]

Conjugation r*|[n] X*[((=k))N]

Symmetry x[n] real X[k] = X*[((—=k))N]
Convolution Z:r"t;é z[m]y[((n — m))n] X k)Y [K]

Multiplication  z[n]y[n] -.l,:.r ZL‘DI XMYT[((k=1D)n]
Parseval Yoo el = & S0 (XTI

Matrix X=Fx, F{F=NI




LIST OF EQUATIONS — EFFICIENT IMPLEMENTATION OF THE NEW
TRANSFORM DFT = FFT

Fast Fourier transform (FFT)

Radix-2 X[k =F k] + ﬁ':-EkFg k], X[k+ %] = Fi[k] — H:-EI:FE[;E]
0<k= lﬂ — 1, %lugz;‘u’ multiplications
Cooley-Tukey  X[p,q] = 31, Wx? [Z‘” o [l m]W,, " WP

i =I(l

0<p=L-1 0<g=M-1,LM(L+ M + 1) multiplications

©



SIGNAL PROCESSING - EXAMPLE

1D AND 2D-SIGNALS: SI6H
[MAGING TECHNIQUES




CHOICE OF TRANSFORM

A Example of common Transformations
A Fourier Transform 8 Frequency Analysis <

A Wavelet Transform o Time/Frequency Analysis
A SVD 6 Low Rank Approximation

The choice of a good transform is data dependent! =

Each of the above methods is optimal for a certain data class!

o



FOURIER DENOISING EXAMPLE

)



TIME DOMAIN V5. FREQUENCY DOMAIN

Time Domain Amplitude of Fourier Coefficients
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FILTERING EXAMPLE:
IDENTIFICATION OF CONTOQURS
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THE SINGULAR VALUE DECOMPOSITION

A A
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LOW RANK APPROXIMATION

Optical image

Rank00 Approximation
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MULTI-RESOLUTION ANALYSIS AND WAVELETS

AlLet DD B Q 1 T € beasequence of nested subspaces of 'Y subject to
A=V,EV,E3 EV;=R"

AlLet0v hb B h) satisfy
fe1$ /1 AHAh E 1,2 Eh*

A Then the unique s-scale approximation of a signal x is:

0 hy Th ' wAh T vgh A O *

AWith some additional properties of 0 we get Wavelet Analysis
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COMPRESSION EFFICIENCY COMPARISON




WAVELETS BASEL
ALGORITHMS




WAVELET IN-PRINTING ALGORITHM

A Consider the following setting:

P - animage pixel set, P=(p;,p, 2 ,py), P,EP, P,
o ® EEN E
For some given image we have 4 e EWENTE

We need to fill -in the missing pixels.

We can solve:

Js

min 1faaz""”sws
"I ts .

st.. P =% "pl

=P- P,

2

<

Ny



IN-PRINTING ILLUSTRATION

50% of pixels missing
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RESOLUTION ENHANCEMENT

Low resolution image Enhanced resolution image
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ENALOG VS DIGITAL

Real 3D
Object

= 3
S 11 15

o(x)m
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Brain Occipital
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ANALOG V5§ DIGITAL

Lens refracts light
onto the retina.

lmm‘

Brain Occipital



ANALOG FILTERING
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MULTL-SCALE GEOMETRIC ANALYSIS




THE PROBLEM OF CURVE DETECTION IN 3D

A curve in 3D Slices' view




THE PROBLEM OF CURVE DETECTION IN 3D

Noiseless image Noisy image
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THE PROBLEM OF CURVE DETECTION IN 3D

Detected lines Reconstruction by Back -projection Original

o



SYSTEMS OF LINE SEGMENTS IN 3D

AWe can take the set of all segments defined by a pair of voxel (a value on a regular

grid in three -dimensional space; as pixels in 2D) corners to get the set of beams.

A A crucial drawback of beams: There are U (¢ ) of them!

AThe solution: A Strategic Subset - Beamlets

ANumber of beamletsis 0 (€ )

A Beamlets are nicely arranged in a multi -scale structure.

Ae\n\ly tl_)e;;m can be approximated by a connected chain of beamlets with size
U .

Abdominal CT -voxels are generated by
multiplying the field of view
(FOV) by the scan range.

NANAVAVA

NAVAA
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CONSTRUCTION OF THE BEAMLET SET
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Scale 1l
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3D BEAMLETS




COMPUTATIONAL ASPECTS OF THE BEAMLET
TRANSFORM

A Each beamlet coefficient is a weighted sum of 0 & voxel values.

AThe complexity lower boundis 0 (¢ )

A Direct computation of the transform results in 0 (¢ ) flops and non -sequential
memory access which make the transform impractical for typical sizes of 3D data

sets.

AThe fast beamlet transform algorithm achieves complexity of  0(& 1 | &) and
sequential memory access using FFT &.



SIGNAL PROCESSING: FIELDS OF APPLICATIONS

A Analysis of the Galaxy Distribution.

AVisibility Analysis.

A Motion Detection.

A Medical and Bioimaging (ECG, EEG, EMG, EOG etc).

A Projection and Rendering.



Sensors and Actuators B: Chemical

journal hemepage: www.elsevier.com/locate/snb

; Short communication
Fast surface plasmon resonance imaging sensor using Radon transform

A. Karabchevsky*, S. Karabchevsky, I. Abdulhalim

362 A Karabchevsky et al f Sensors and Actuators B 155 (2011) 361-365
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CHOICE OF TRANSFORM

A Example of common Transformations
A Fourier Transform 0 Frequency Analysis

A Wavelet Transform o Time/Frequency Analysis
A SVD 6 Low Rank Approximation
A Radon transform

The choice of a good transform is data dependent!
Each of the above methods is optimal for a certain data class!
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\ Deterministic & the value of the signal is

defined as one -to-one function at any

/ \/ Instant of time. A signal is said to be

\ﬂ - deterministic if there is no uncertainty
4 with respect to its value at any instant of

Deterministic Random time. Or, signals which can be defined

~A e exactly by a mathematical formula

s

Random & the signal is defined by the
probability of receiving a specific value
at any instant of time. A signal is said to
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Non-periodic Periodic Non-stationary Stationary S ey
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WHAT I A SIGNAL? DEFINITIONS

A A signal is a function that describes a physical variable. It includes the information
on a phenomena in nature

A Usually, a function of time
A But not necessarily

A Usually defined from Hand H
A But not necessarily

A For example:

In RC circuit, signal can present a voltage that applied on the capacitor or current
flowing through the resistor.

o



WHAT DOES A SIGNAL LOOK LIKE?

AECG 0 electrocardiogram

\oltage, nV

N —- —- (&) N 1)l
o o o [ S oy o
S S o S S S S S

t, sec



WHAT DOES A SIGNAL LOOK LIKE?

A Blood pressure

Example of discrete functions

A Anything sampled by a computer
A Measurements of blood pressure
A Switched circuits

Craph
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EXAMPLE OF STOCHASTIC SIG

AElectrode in an animal® cortex records during
many identical movements.

A Each repetition, the electrode picks up a different
signal .

AOnly by averaging can we see that the signal also
has a deterministic component.

- v

500

1000

AL

o



50 WHAT MAKES SIGNALS SPECIAL

A A signal (usually) represents a physical quantity.
A A signal is most meaningful as the input or output of a system .



50 WHAT IS A SIGNAL AND A SYSTEM"

A A signal (usually) represents a physical quantity.
A A signal is most meaningful as the input or output of a system .

A A mapping from one signal to another.

A Pretty circular.
A Signals and systems are two sides of the same topic.

Aln math, we call a ' ignals an @perata

System

el




WHAT IS A

Examples:

MAPPING BETWEEN FUNCTIONS?

A Multiplication by a scalar A0) & @) a

A Differentiation

A Integration

M
G- [t Lo

G- u®) GO



WEIRDER EXAMPLES OF MAPPINGS

ATime delay SUNEN
A Negative for delay P
qa®) o )
ATime inversion 9" P
qe) & o) i
ATime scaling ,
A >1 for faster (\;OQ‘ Aw'D
Ac(0)  cO)



DAY TO DAY EXAMPLES OF SYSTEMS

A A car is a system that maps position of the accelerator pedal into distance .

AOur heart maps volume of the left atrium into pressure o ;_

A An ideal transducing system
A Input == output

A Real transducing systems
A Nonlinearities
A Response time

()



ACCELEROMETER

A lnput: acceleration
A Output: position of mass

A Useful for measuring tremor on in
analysis of movements

a(r)

M

(s



ACCELEROMETER

A Analyze this system:
AWhat is the best weight if

AThe mass is0.5¢
A Maximum acceleration is 2 m/s?
A Maximum displacementis 0.5cm

a(r)

M

(o)



A MORE COMPLICATED SYSTEM

A An integrator turns acceleration into velocity.

eter analyzed in Example 1-1.

NI I

% % 02V = st o } U\L =

é % FIGURE 1-3. Integrator circuit used to determine velocity from the accelerom
n

Tt



WHY IS TH

IS AN INTEGRATOR?

A Feedback forces the input of the amplifierto 0.
A Assume capacitor initially uncharged.

(14 N
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AN ALTERNATIVE INTEGRATOR

A Sample

A Compute

-
&

,\09‘&

10}

V/

A Quantize v’
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14
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10

o

| 0 order reconstruction

1 order reconstruction
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CONTINUOUS / DISCRETE

\/ A A continuous function w 0 maps the real numbers to the real numbers 0X= O
ﬂ/ﬁ aisreal 1 _ _ () dround brackets for the continuous variable

—

AA discrete function wé& maps the integers to the real numbers. Here ¢ is discrete
time or the serial number. ¢ Xy intege + L[ L 0 square brackets for the

r__t

continuous variable — —
\
= A The domain can be any evenly spaced set of reals.
/J A Examples: 1) sound in time 2) image in space
Y cga © 4 ody O 4
AN
d a& 14 . v . v v 14
12} 12} @
\/(\C 10} E 0 10
/ Q/'[ P 8t Cl\l‘ 8t o
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CONTINUOUJHIRNEE - voywn 190

AThis is adeterministic and continuous time function
Alt is not a continuous function
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CONTINUOU 3!

A Also deterministic, continuous time, non

0(0)

'Oé:l
o- o- O-
H 3 4

[IMEEEP FUNCTION

-continuous function

unit stepg s ¥ A |

A R YT

u(t)

~

N O

o



CONTINUOURTIMBLLE: THE UNIT
PULSE FUNCTION

AThis is adeterministic and continuous time function

Alt is not a continuous function
Lo T A% Ty i1 14 Tettangleég 1Y XK

I(1)

i |0 T®

L (0) ™ |0 T 1+__+
o T
P [e] >




CONTINUOUSINIME:

A Also deterministic, continuous time, non -continuous function

sinc 1

—67 —A4r —2m 2w 47 6 - . . .

10-| T I I T T T T T I_ﬁ ] XL'| L,’:’X (Scjrii(\sl’qj1-|_’1H'>B|ﬂd®)¥lA
sin(x)
0.8 h—— q
e _sinizx) |
1
0.4 N
0.2+ 7
P ™

LA AL /\K\,\/\A - IS S vVEEEVEE S S

0 . o

; 4 2 ] F 4 i

Lo e | , :

=20 =15 1=10"" =5 0 ) 10 15 20

Part of the normalizedinc(blue) and unnormalizesinc
function (red) shown on the same scale
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CONTINUOUSEIMN EDIRAC) UNIT
IMPULSE FUNCTION

3(t)
10 m!l o0 ™
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DISCRETE: UNIT STEP AND UNIT PULSE

A Any signal is a linear combination of unit steps or unit pulses

Unit impulse delta function UU & R & i @Yl

Kronecker delta function

Unit pulse
9 & Tt E
P E
1.5 T - .
1 o
0.5F
o © o (o] (o]

-0.5 -

7

V4 N

oOaai

0 ¢

1.5

0.5f

-0.5

Unit step

u(n)
ENY
L
n
d(n)



THE DELTA

FUNCTION

AThe delta function is easy to define for discrete functions.
A A little harder to define for continuous functions.

Characteristics of the e P&t
delta function m I OEAOxEOA
170 mo m il °

1 (®Q06 p |

(2



APPROXIMATING DELTA

A The unit pulse approximates the delta function
Aln the limit, the width is 0 but the integral is always 1

A Other functions will work just as well

12

l—e:0.5

‘ 0 o ok :Z:O.zs_

O (c_) | o= o0s|
6F
1@ 1 Bi© |
2F
0

-1 -0.5 0.5




MATLABOR SINGULAR FUNCTIONS

functiconu =stp_fnit)
¥%u =gstp_fnitl: Function for generating a unit step

u=05*=1gnt + eps) + 1

15

£ =-10:0.005: 10;|
¥ =stp fnitdh wGenerate step starting at £=2

cloze all;
plotit, =
axig([-10 10 0 1.51)
xlabel(t,
v1abeliult - 2);

u(t-2)

0.5}

—




MATLABOR SINGULAR FUNCTIONS

A Generate a delta function by taking a difference between two step functions

function imp =impls_fnit, delta)
% imp =impls_fnit,deltal generate anapproximationof the delta
¥ functionof width delta

imp =(stp_fnit + deltasd)-stp_fnit -deltaslii;
25

20}

plotit, impls_fnit +3.5, 0,05,
axis([-10 10 0 251

xlabelit) ol
vilabelindeltalt + 31 5t

15}

d(t+3)




MATLABOR SINGULAR FUNCTIONS

function r = rmp_fnit)
% r =rmp_fnit)Generate a ramp
r =05 |’r tr{=gigniti+l )

functionv=pls_fnit]
¥y =ple_fnth Generate aunit pulse function
v =gtp_fnt + 05 -stp_fnlt -0.5-2p=h




INFINITE TIME

14

A By definition, a signal is defined from -Hbto +Ho ol
A Either for continuous time or discrete time 10}

A Sometimes we don & have that much data
—
A How can we get the math to work? Q,;

NSO N AN o
L A




INFINITE TIME: SOLUTION 1

A Set all values outside the domain of the data to zero

X &/
A\(:i/




INFINITE TIME: SOLUTION 2

A Pretend the function repeats endlessly outside the where it was observed
AThis has advantages that we will see later

14 .
] 12}
] 10}
] st
] _>}6
] < 4t
] of
0
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PERIODIC SIGNALS >

< ~
ar’ /\\\ (‘C 4
L — ~
gV 0y
A N
Wwo Y «woh Y T ] , :
e 0] d{é]ﬁ 0N g aany &aéllraa S8matusabmumber
&/

For instance: o)(0)

has period “Yof Y — N Lgpr/ (-~ < See
QA = (vol Jsec)
Note: periodic function in continuous time 0is not always periodic in discrete time ¢

‘/Examples:
1) AL&®3periodicin 2p
—>2) A T & & not periodic since n is not periodic in period of  2p
=




THE SUM OF PERIODIC SIGNALS

Als it periodic? It depends on the periods

VA
Qo YV do Y Q) Udw

Is there a “Ysuch that”Y ¢£“Yand'Y a°Y
onlyif Y —=7Y




EXAMPLE 1: PERIODIC SIGNALS
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TYPES OF SYSTEMS

A Continuous / discrete tim
A Linear / non -linear

e

A Time Invariant / time varying

A BIBO stability
A Causality
A Memory

Linear
Jow (0 w0

Time Invariant

Ao ) o 1)

® dow (9]

® Jow (9]

- N Nad e

wo Wo
input output




TYPES OF SYSTEMS

A Causal / non -causal
A Causal: Electrical circuits

A Non-causal: Offline filters

O w(O £ OO

‘Jw (9]

o (0)] £ O o
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LINEAR TIME INVARIANT: CONV@L JTIONS- ¢~

A The output of LTI systems can be calculated from the impulse response and
convolution. When we do impulse response integrals, we are doing convolutions

«(0)

anie Hot @2 uo

—_—

QD@ NQT w0z Qo

Uat vyavyuevYi U asauUaeé



CONVOLUTIONS

A Properties
102 w0 (o) 2o
@2 w(@ Tw@ I[%92w@] T[22 w (0]
@) 2 [w0z2w @] [?2w(9]?w(

@) aADEo DRt W) 2 wd)



CONVOLUTIONS

A Area property: area under the convolution is the product of the area under each

function
0 2 (0QO0 ( aHaQ 49 ( w(hQ J)




CONVOLUTIONS

A Area property: area under the convolution is the product of the area under each

function
0 2 (0QO0 ( aHaQ 49 ( w(hQ J)



LINEAR TIME INVARIANT: CONVOLUTIONS IN
DISCRETE TIME

A The output of LTI systems can be calculated from the impulse response and
convolution. When we do impulse response integrals, we are doing convolutions

v

We dalos a Uai YavYUeYi U &vaé

A Casual systems
Ao mlo ™
AQe]l mle m




R SIMPLE CONVOLUTION oo

foril=1:1lengthit]

tl=t(ilh
xhiil} = 0;
. fori2z =l:lengthit)
A Three step process: lambda = t(i2),
A F||p in time % To find the right index, we needto findthe t

Ywhich iz appropriate for t-lambda

A Shift in time diffval =tl-lambda;

A Multiply the two functions i3 =max(findft < diffvall,
ifil-1i2 =0
xhiil) = xhi{il) + ={12}*h{i 3}+dt;
end;
end;
ends
x(t) h(t) X(O)*h(t)
25 - 25 . 25 . -
2 2t 2
—\ 1.5} : \?1.5- - 1.5}
< . | &, |
< C
05} 1 05} 1 0.5}
0 0 0
2 0 2 4 6 8 10 12 14 2 0 2 4 6 8 10 12 14 2 0 2 4 6 8 10 12 14

o



BETTER MATLAB FOR CONVOLUTIONS

A The function conv does convolutions

t =-Z:dt:ds % The basictime scale

L = lengthit} A 2 T T r r r
tp =@R*tlhdt:2*t({L)]; % Time scale after convoluticon

21t -
<

¥ =2*pls_fnit+0.5)-pls_fnft-0.5); wEiphazic pulse

h =05 rmp_fnitlrstp_fniZ-th % Ranp 0 . i .

¥ =dt.rconvix, h); % Convolution -2 -1 0 1 2

w
N

y(®)
o
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SAMPLING - THE BRIDGE FROM

CONTINUOUS T0 DISCRETE

A Scientists

AWhy is this interesting?
A Engineers

AWhy is this important?



WHAT I§

SAMPLING?

AA continuous-time signal can be O e X
processed by processing its samples What IS alog to
@gltal@nverter" D

J/

thorough a discrete time system. For

this purpose, it Iis Iimportant to 7 \ ‘

maintain the signal sampling rate %%?’ = ?]H
sufficiently high so that the original > o [0 P roy(t)
signal can be reconstructed from ~3P —

these samples without error (or with | &

an error within a given tolerance) .

| o Iy |TF = A/
AThe necessary quantitative framework -

for this purpose is provided by the I
sampling theorem

©



SURVEY: SAMPLING

J

A EasyPolls: x(t)=sin(2*pi*500%).
For ideal reconstruction, what should be the
sampling rate?:

O =0Hz

O =1MHz

ﬁ results vote



https://vote.easypolls.net/623744e39d39360061936823

https://michaelbach.de/ot/mot
wagonWheel/index.html

OUTLINE [ next— | Wagon-wheel effect

| —prev from Michael's Visual Phenomena & Optical lllusions

ASampling
A Introduction to sampling
. . . When this page has loaded, the neigh-
A Mathematical sam pl INg boring demo is in “auto run” mode: the
A Sam pl N g exam p|e S wheel rotation smoothly varies be-
ANon-ideal s amplin g tween standing still and a maximum

speed of 100 rotations per minute (100

What to observe

x . rpm, indicated at top right). The wheel
A R € CO n Str u Ctl on _ rotation, however, looks quite differ-
A Slg nal reconstruction ent: it seems to slow down to standstill
A : when the maximum speed of 100 rpm
A | nterpo lation ) is indicated! It helps to know that the
Aldeal reconstruction wheel is rendered with 20 frames per
A Sampling and Nyquist second.

The human visual system can process 10 to 12 images
per second and perceive them individually, while higher @

rates are perceived as motion


https://michaelbach.de/ot/mot-wagonWheel/index.html
https://en.wikipedia.org/wiki/Visual_system

\)\/\/\1 S:&r nA T

SAMPLING oer

A Sampling is the process of taking a continuous signal and turning it into a discrete
signal for further processing in a computer

f\f‘/g'lg

AWe select the value of the signal at equally spaced points in time

AWe ask what this does to the frequency spectrum

What is Analog to -
Digital Converter? [

|

- -
| — .
P = .
S = _/\__.
| P = Electrical 4 U

(2



A
QUANTIZATIC QUANTIZATION DI(IT LFlLTER
AITAl
IN A ! or D RECONSTRUCTION |oUT
2 / | DIGITAL SIGNAL[ ] / — FILTERHOLD/
? Z SAMPLE D - o A LOW-PASS
3 gkl PROCESSOR
(1) Sampling z* Data  &p Yp yH() y(t)
Period Bit
T.= 2_ Length Filter Function
H Filter Algorithm '
f Cocfficient Bit Length ' * without
h i ]
‘ v SAMPLED DATA FILTER - amplitude :
L} quantization 1
!
!
!

Digital or switched capacitor

ANALOG (continuous time) FILTER
Conventional LC or Active RC

AAssume w 0 continuous time signal. We will sample x(t) each T sec.

ATime between samples: "Ysec->ato ¢ ﬁ_mts € N o sampling period
Aln the example: Y 1@ Usza U0 9/9 g>aeb

AQ pf Ysampllng frequency [Hz] Used UU &8 U0
- ¢* T"Ysampling angular frequency [rad/sec] Usea UUU oYdauUo

Npc

ﬂ:\-ﬂf- X[N.T )

Sequence ;z
Ud Uaé o o 2°

= 2 2

51.5» > 51.5-

31?8
C}
® .

\

<
D C:

3 @

C o
O D

o

Time (sec)

’@
Time (sec)

1%



PHYSICAL SAMPLING

'Off' State x10®

Probe Photon

AReplace a(0) with we we Y

A Physically
A Can be achieved using a switch

X(t) X(t)
switch closes at t=nT

B

Amplitude

IEF (v/m)
'On' State x10'9
16
14
Probe Photon 12
T :e‘“*' =PI {10
el g ‘IS
’ ; ? "
6
-
i 2
Karabchevsky et Al, Adv. Optical Mater. 2020, 2000769

Time (sec)



MATHEMATICAL SAMPLING WITH IMPULSE

TRAIN

%—% XU

(50) O en©@ wo: 1(0 &y

o) (06 €)Y e Y o €°7Y
\_// T

This representation allows for usage with
continuous signals and transforms

-_?

€aid caxebU 0YOD

\

@ (a) Continuous time
§ signal
. (:D 2T . '
x[n] (b) UalU c¢cebPU 0YUD
1 Uauaé
Discrete time
signal
[ [ [ 1 I ] O ) Q%
n
Grs) (c) UedUU UT 4@ OYOdaea éafl

Continuous time signal despite
The fact thaj it represents the sampling

|T++t1 |

Jé

Figure 3.1 The sampling operation: (a) the continuous-time signal x(t); (b) the point-sampled [
sequence x[n]; (c) the impulse-sampled signal xg(t).

t



SAMPLING

AReplace w0 with we  wE Y

APhysically N
A Can be achieved using a switch Karabchevsky et Al,  Adv. Optical Mater. 2020, 2000769

A Mathematical model
A Multiply by a pulse (width z, sampling period ™Y

4

351 o (
3t 3[
A
2.5} 2.5}
X(M) ey (D) s
% o} » X 2 2t
N~—r E
gl \“/ & 15l
1 i
; p(t) T o H
0 - n
0 1 3 4
(o] 1 2 3 4
Time (sec) Time (sec)

mnnnnnnni

(<)



IDEAL SAMPLING

m
AWe sample o(0) with a pulse train 11(0) where each pulse is a delta function
w(@O woegn® wo (0 &Y W) (0 €)Y we Y o g7y
.S

i )
350 . 35} ° ] (\A‘X - >([ 7Y
3t 1 3t 1 7<
A} 1 \ \ o
3 2.5¢ T Q(O) /‘\ (6)) (O) g 25p ]
2 2 > X y = 2
o L » [=%
£ "/ £
1F 1r
0.5} > ~ 5t
n(o) oo T
0 0 1 2 3 4 0_? 1 3 4
Time (sec) Time (sec)
QO ¢ ¢ 9 0 9 0 O o
0.8
0.6
0.4
0.2




EXAMPLES

1) Assume: oo @{8 2

. &
AThen if we sample at T and so we replace O @ A T

9&%
s o Che

—=2) If we sample the signal: w0 (0
Vot -
Aue] e
AOne cand sample| (0) because] (0 Tm)=HBNote, here we isnot] &€
AWe don @ sample | (0)

cCo + (%)

(2



DELTA FUNCTION = UNIT IMPULSE FUNCTION

10 m!l o0 ™

B(t) Delta function can represent a point light source, single photon source

1(0Qo p

Ire @ @ ¢ © @ © O ¢
0.8 /
Alina Karabchevsky et 3l
3 06p Mon-isokated sources of electromagnetic radiation by
2 muitipole decomposition for photonic guantum technologies
£ o4t on a chip with nanoscale apertures Nanoscale Advaneds
0.2
0

0 1 2 3 4
Time (sec) @



600D SAMPLING

AWe want to sample in a way that allows the original signal to be reconstructed from
the sampled signal

A w (0) is a continues signal despite it represents sampling!

4 1
3.5 35 . 35
( Reconstruction
3 . \ \ \ 3 3
o) w (0) DS
© 25 °
:, . X g £
£ » p = 2 > =
<15 E 5 <15
1 A a 1
0.5 05
. \ ( ‘) 05 n o
n
0 1 2 3 4 0 0
Time (sec) r] O 0 1 2 3 4 (sec)
Time (sec)
1,
0.8f
o 0.6F
]
2
._é
< 0.4
0.2
0___.__'_____
0 1 2 3 4
Time (sec)

e



SAMPLING: FREQUENCY DOMAIN

ALet & (0) continuous time signal with FT @21 , SO
~ oy D /3/»77 Definition FT: & Q . (0 Qo

/

v
MO =ndey ] o(3=4

A Because the impulse train is a periodic function, we can express it as a Fourier
series

1© 1(0 €7y

Definition FS w(0)

Ve

0 We only need to integrate over
~ o W = a single period to find the
—R- Y Fourier series

e






