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References Lectures Content Topic 

 1 Course content and requirements, classification of 

signals, useful functions, transforms, systems. 

Introduction 

[1] Ch. 3 1, 2 Sampling in time, frequency perspective, sampling and 

bandwidth, the sampling theorem, aliasing, sampling of 

band-pass signals 

Sampling 

See course 

website 

3, 4 Non-uniform sampling, sampling and functional analysis.  

[1] Ch. 4 5 DFT definition, IDFT, DFT as samples DTFT, properties, 

examples. 

DFT 

[1] Ch. 4 6, 7 Matrix representation, Circular shift, circular 

convolution, 

 

[1] Ch. 4 7, 8 Zero padding in time and frequency, linear convolution 

using DFT 

 

[2] Ch. 8 9, 10 FFT - the fast Fourier transform  

[2] Ch. 7.3 10, 11 Overlap-add and overlap-save filtering Digital 

[2] Ch. 9 12, 13 IIR and FIR filters filtering 

 13 Overview, examination Conclusion 

 



1. Introduction

2. Discrete -time signals and systems

3. The Z-transform and its application to the analysis of LTI systems

4. Frequency analysis of signals and systems 

5. Frequency domain analysis of LTI systems

6. Sampling and reconstruction of signals

7. The discrete Fourier transform: Its properties and applications

8. Efficient computation of the DFT: Fast Fourier transform 
algorithms

9. Implementation of discrete -time systems

10. Design of digital filters

11. Multirate digital signal processing 

12. Linear prediction and optimum linear filters

13. Adaptive filters

14. Power spectrum estimation
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NEW TRANSFORM DFT
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NEW 
TRANSFORM DFT = FFT
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ÁExample of common Transformations

ÁFourier Transform ðFrequency Analysis

ÁWavelet Transform ðTime/Frequency Analysis

ÁSVD ðLow Rank Approximation

The choice of a good transform is data dependent!

Each of the above methods is optimal for a certain data class!
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Time Domain Amplitude of Fourier Coefficients
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Best Rank r Approximation of A:
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Optical image                                         Rank 100 Approximation
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ÁLet  ὺȟὺȟȣȟὺ Ὦ ÌÏÇὲ be a sequence of nested subspaces of Ὑ subject to

ÁLet ύȟύȟȣȟύ satisfy

ÁThen the unique s -scale approximation of a signal x is:

ÁWith some additional properties of ὺwe get Wavelet Analysis
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ÁConsider the following setting:

P - an image pixel set,

For some given image we have

We need to fill -in the missing pixels.

We can solve:
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50% of pixels missing reconstruction
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Low resolution image Enhanced resolution image
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A curve in 3D Slices' view
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Noiseless image Noisy image
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Detected lines Reconstruction by Back -projection Original
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ÁWe can take the set of all segments defined by a pair of voxel (a value on a regular 
grid in three -dimensional space; as pixels in 2D) corners to get the set of beams.

ÁA crucial drawback of beams: There are ὕὲ of them!

ÁThe solution:     A Strategic Subset - Beamlets

ÁNumber of beamlets is ὕὲ

ÁBeamlets are nicely arranged in a multi -scale structure.

ÁAny beam can be approximated by a connected chain of beamlets with size 
ὕÌÏÇὲ .
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Abdominal CT -voxels are generated by 

multiplying the field of view 

(FOV) by the scan range.  



Scale 0 Scale 1 Scale 2
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Scale 0 beamlet Scale 1 beamlet
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ÁEach beamlet coefficient is a weighted sum of ὕὲ voxel values.

ÁThe complexity lower bound is ὕὲ

ÁDirect computation of the transform results in ὕὲ flops and non -sequential 
memory access which make the transform impractical for typical sizes of 3D data 
sets.

ÁThe fast beamlet transform algorithm achieves complexity of ὕὲÌÏÇὲ and 
sequential memory access using FFTõs.
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ÁAnalysis of the Galaxy Distribution.

ÁVisibility Analysis.

ÁMotion Detection.

ÁMedical and Bioimaging (ECG, EEG, EMG, EOG etc).

ÁProjection and Rendering. 
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ÁExample of common Transformations

ÁFourier Transform ðFrequency Analysis

ÁWavelet Transform ðTime/Frequency Analysis

ÁSVD ðLow Rank Approximation

ÁRadon transform

The choice of a good transform is data dependent!

Each of the above methods is optimal for a certain data class!
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ÁDefinitions:

Deterministic ðthe value of the signal is 
defined as one -to-one function at any 
instant of time. A signal is said to be 
deterministic if there is no uncertainty 
with respect to its value at any instant of 
time. Or, signals which can be defined 
exactly by a mathematical formula 

Randomðthe signal is defined by the 
probability of receiving a specific value 
at any instant of time. A signal is said to 
be non-deterministic if there is 
uncertainty with respect to its value at 
some instant of time.

Stationary ðthe signal whose statistical 
properties do not varying in time.
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ÁA signal is a function that describes a physical variable. It includes the information 
on a phenomena in nature 

ÁUsually, a function of time

ÁBut not necessarily

ÁUsually defined from Њand Њ

ÁBut not necessarily

ÁFor example: 

In RC circuit, signal can present a voltage that applied on the capacitor or current 
flowing through the resistor.
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ÁECG ðelectrocardiogram
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ÁBlood pressure
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ÁAnything sampled by a computer

ÁMeasurements of blood pressure

ÁSwitched circuits

Example of discrete functions



EXAMPLE OF STOCHASTIC SIGNAL

ÁElectrode in an animalõs cortex records during
many identical movements .

ÁEach repetition, the electrode picks up a different
signal .

ÁOnly by averaging can we see that the signal also
has a deterministic component .
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ÁA signal (usually) represents a physical quantity.

ÁA signal is most meaningful as the input or output of a system .
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ÁA mapping from one signal to another.

ÁPretty circular.

ÁSignals and systems are two sides of the same topic.

ÁIn math, we call a mapping between signals an ôoperatorõ.
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Input signal Output signal
System

ÁA signal (usually) represents a physical quantity.

ÁA signal is most meaningful as the input or output of a system .



Examples:

ÁMultiplication by a scalar 

ÁDifferentiation

ÁIntegration
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ÁTime delay

ÁNegative for delay

ÁTime inversion

ÁTime scaling

Á>1 for faster
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ÁA car is a system that maps position of the accelerator pedal into distance .

ÁOur heart maps volume of the left atrium into pressure of the left ventricle.
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ÁAn ideal transducing system

ÁInput == output

ÁReal transducing systems

ÁNonlinearities

ÁResponse time



ÁInput: acceleration

ÁOutput: position of mass

ÁUseful for measuring tremor on in 
analysis of movements

56



ÁAnalyze this system:

ÁWhat is the best weight if

ÁThe mass is 0.5g

ÁMaximum acceleration is 2 m/s 2

ÁMaximum displacement is 0.5 cm

57



ÁAn integrator turns acceleration into velocity.
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ÁFeedback forces the input of the amplifier to 0.

ÁAssume capacitor initially uncharged.
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ÁSample

ÁQuantize

ÁCompute
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CONTINUOUS / DISCRETE
ÁA continuous function ὼὸmaps the real numbers to the real numbers ὸצᴙ. 
ᴙis real ˧˷ˬˬ( ) ðround brackets for the continuous variable

ÁA discrete function ὼὲmaps the integers to the real numbers. Here ὲis discrete 
time or the serial number. ὲצᴚ integer  ˫˪˷[ ] ðsquare brackets for the 
continuous variable

ÁThe domain can be any evenly spaced set of reals. 

ÁExamples: 1) sound in time 2) image in space
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CONTINUOUS TIME: 

ÁThis is a deterministic and continuous time function

ÁIt is not a continuous function

Áˢˡ˧˥˧ ˥˦˷ ,˸˧ˠˣˤ ˢ˧˴˵ˮˣ˲ , ˷ˣˬ˧˷ς ˶ˡ˯ ˶ˣˤ˥˧˷1 .˫˧˵ˮ˧˯ ˧ˮ˷ ˪˷ ˢ˪˲˩ˢ ˣ˞ ˸ˣˮˣ˪˥ ˧ˮ˷ ˪˷ ˢ˧˴ˣ˪ˣ˟ˮˣ˵
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CONTINUOUS TIME: 

ÁAlso deterministic, continuous time, non -continuous function

Á ˢˠ˶ˡˬςunit step

Á ˷ˣˬ˧˷ς˧˟ˣ˧˥ ˭ˬˤ˟ ˸ˣ˞ ˸˶ˡˠˢ ,˸˧˸˟˧˯ ˸˩˶˰ˬ.
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π ὸ π
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CONTINUOUS TIME: 

ÁThis is a deterministic and continuous time function

ÁIt is not a continuous function

Á˵ˮˣ˲ ' ˭ˣ˪˥ςrectangle .ˢˡ˧˥˧ ˥˦˷ ˸˧ˠˣˤ , ˷ˣˬ˧˷ς˧ˮˬˤ ˭ˣ˪˥ ,˶ˡ˸˟ ˧˪˞ˡ˧˞ ˭ˮ˯ˬ.
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CONTINUOUS TIME: 

ÁAlso deterministic, continuous time, non -continuous function
¶sinc

Ásinc(0)=1˪˦˧˲ˣˢ˪ ,ˢˡ˧˥˧ ˥˦˷ , ˷ˣˬ˧˷ς˶ˣˤ˥˧˷ ,˭ˣ˪˥ ˪˷ ˢ˶ˬ˸ˢ.
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Part of the normalized sinc(blue) and unnormalized sinc
function (red) shown on the same scale



CONTINUOUS TIME: 

¶˞˸˪ˡ ˸˧˧˴˵ˮˣ˲

¶˸ˣˬ˧˧ˣ˯ˬ ˸ˣ˧˪˞˵˧ˤ˧˲ ˸ˣ˰˲ˣ˸ ˧˦ˬ˸ˬ ˭˲ˣ˞˟ ˸˶˞˸ˬ ˞˸˪ˡ ˸˧˧˴˵ˮˣ˲ .˪˷ˬ˪ ,  ˢ˵˧˦˲ˣ˞˟ ˧˪˞ˡ˧˞ ˧˸ˡˣ˵ˮ ˶ˣ˞ ˶ˣ˵ˬ
)˫˧˧˸˧ˬ˞ ˶ˣ˞ ˸ˣ˶ˣ˵ˬ ˭˟ˣˬ˩ ,˧˲ˣ˯ ˟˥ˣ˶ ˧˪˰˟ ˫ˢ ,ˡˣ˞ˬ ˶˴ ˶ˣ˞ ˶ˣ˵ˬ ˫˰ ˪˟˞ ,  ˞˸˪ˡ ˸˧˧˴˵ˮˣ˲ ˧ˡ˧ ˪˰ ˣ˪˷ ˶ˣ˞˧˸

ˡˣ˞ˬ ˧˷ˣˬ˧˷.(

¶˧˲ˣ˯ˮ˧˞ ˢ˟ˣˠ , ˟˥ˣ˶0 ,ˢˡ˧˥˧ ˥˦˷.

¶  ˢ˟ˣ˷˥ ˢˮˣ˩˸sifting -˞˸˪ˡ ˪˷ ˢˡˣ˵ˮ˟ ˢ˧˴˵ˮˣ˲ ˸ˬ˧ˠˡ :˪˩ ˶ˣ˟˰f(x)  ˢˡˣ˵ˮ˟ ˢ˲˧˴˶ ˶˷˞x0:

¶˵ˮˣ˲ '  ˢ˧˴˵ˮˣ˲ ˸ˡˡˣˬ ˞˸˪ˡὪὼ ˢˡˣ˵ˮ˟x0ï ˸ˮˣ˩˸ ˧ˢˣˤsifting  ˢˡˣ˵ˮ˟ ˢˡ˧ˡˬ ˪˷ ˸ˣ˰ˬ˷ˬ ˢ˵˧ˮ˰ˬˢ

ˢ˧˴˵ˮˣ˲˪ ˸ˬ˧ˣ˯ˬ  .
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ÁAny signal is a linear combination of unit steps or unit pulses

Unit impulse delta function ÜÛáßá òááîïèÝì

Kronecker delta function

Unit pulse Unit step
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ÁThe delta function is easy to define for discrete functions.

ÁA little harder to define for continuous functions.
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ÁThe unit pulse approximates the delta function

ÁIn the limit, the width is 0 but the integral is always 1

ÁOther functions will work just as well
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MATLABFOR SINGULAR FUNCTIONS
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MATLABFOR SINGULAR FUNCTIONS

ÁGenerate a delta function by taking a difference between two step functions
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MATLABFOR SINGULAR FUNCTIONS
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ÁBy definition, a signal is defined from -Њ to +Њ

ÁEither for continuous time or discrete time

ÁSometimes we donõt have that much data

ÁHow can we get the math to work?
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ÁSet all values outside the domain of the data to zero
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ÁPretend the function repeats endlessly outside the where it was observed

ÁThis has advantages that we will see later
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natural numberᴓáêÙà ðìéæ ,åäñÝ áÙÝáß

For instance:

has period Ὕof

Note: periodic function in continuous time ὸis not always periodic in discrete time ὲ

Examples:

1) ÃÏÓὸðperiodic in 2p

2) ÃÏÓὲðnot periodic since n is not periodic in period of 2p
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ÁIs it periodic? It depends on the periods

Is there a Ὕsuch that Ὕ ὲὝand Ὕ άὝ

only if   Ὕ Ὕ
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ÁContinuous / discrete time

ÁLinear / non -linear

ÁTime Invariant / time varying

ÁBIBO stability

ÁCausality

ÁMemory

Linear

Time Invariant

Ὄὼὸ † ώὸ †

Ὄὥὼ ὸ ὥὼ ὸ ὥὌὼ ὸ ὥὌὼ ὸ
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system

input output

ὼὸ

ὼὲ

ώὸ

ώὲ



ÁCausal / non -causal

ÁCausal: Electrical circuits

ÁNon-causal: Offline filters

ὼ ὸ ὼ ὸÆÏÒὸ ὸ ᵼ Ὄὼ ὸ Ὄὼ ὸ ÆÏÒὸ ὸ

81



L T I

ÁThe output of LTI systems can be calculated from the impulse response and 
convolution. When we do impulse response integrals, we are doing convolutions

82

ώὸ Ὤ†ὼὸ †Ὠ† Ὤὸ ὼzὸ

ὼ†Ὤὸ †Ὠ† ὼὸ Ὤzὸ

ÜáîÝäÝÙèÝïÜ äðÚàèáØ



ÁProperties
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Ὤὸ ὼzὸ ὼὸ Ὤzὸ

Ὤὸᶻ‌ὼ ὸ ‍ὼ ὸ ‌Ὤὸ ὼz ὸ ‍Ὤὸ ὼz ὸ

Ὤὸᶻὼ ὸ ὼz ὸ Ὤὸ ὼz ὸ ὼz ὸ

ώὸ Ὤ†ὼὸ †Ὠ† Ὤὸ ὼzὸ



ÁArea property: area under the convolution is the product of the area under each 
function
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Ὤὸ ὼzὸὨὸ Ὤ‡Ὠ‡ ὼ†Ὠ†



ÁArea property: area under the convolution is the product of the area under each 
function
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Ὤὸ ὼzὸὨὸ Ὤ‡Ὠ‡ ὼ†Ὠ†



L T I

ÁThe output of LTI systems can be calculated from the impulse response and 
convolution. When we do impulse response integrals, we are doing convolutions

ÁCasual systems

ÁὬὸ π ὸᶅ π

ÁὬὲ π ὲᶅ π

86

ώὲ ὼάὬὲ ά ÜáîÝäÝÙèÝïÜ åÝãé



ÁThree step process:
ÁFlip in time

ÁShift in time

ÁMultiply the two functions
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ÁThe function conv does convolutions
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ÁScientists

ÁWhy is this interesting?

ÁEngineers

ÁWhy is this important?

89

Reading: Chapter 3 by B. Porat



ÁA continuous -time signal can be
processed by processing its samples
thorough a discrete time system. For
this purpose, it is important to
maintain the signal sampling rate
sufficiently high so that the original
signal can be reconstructed from
these samples without error (or with
an error within a given tolerance) .

ÁThe necessary quantitative framework
for this purpose is provided by the
sampling theorem .
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x(t)

y(t)



ÁEasyPolls:
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https://vote.easypolls.net/623744e39d39360061936823


ÁSampling
ÁIntroduction to sampling

ÁMathematical sampling

ÁSampling examples

ÁNon-ideal sampling

ÁReconstruction
ÁSignal reconstruction

ÁInterpolation

ÁIdeal reconstruction

ÁSampling and Nyquist
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https://michaelbach.de/ot/mot-
wagonWheel/index.html

The human visual system can process 10 to 12 images 

per second and perceive them individually, while higher 

rates are perceived as motion

https://michaelbach.de/ot/mot-wagonWheel/index.html
https://en.wikipedia.org/wiki/Visual_system


ÁSampling is the process of taking a continuous signal and turning it into a discrete 
signal for further processing in a computer

ÁWe select the value of the signal at equally spaced points in time

ÁWe ask what this does to the frequency spectrum
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ÁAssume ὼὸcontinuous time signal. We will sample x(t) each T sec. 

ÁTime between samples: Ὕsec -> at ὸ ὲὝpoints, ὲᶰᴚsampling period

ÁIn the example: Ὕ πȢυÜæáÚÛÜ çæÞ

ÁὪ ρȾὝsampling frequency [Hz] ÜæáÚÛ ðÛò

-‫ ς“ȾὝsampling angular frequency [rad/sec] ÜæáÚÛÜ òÝðáÛò

Áὼὲ ὼὲὝ, ὲᶰᴚ
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ÁReplace ὼὸwith ὼὲ ὼὲὝ

ÁPhysically

ÁCan be achieved using a switch
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switch closes at t=nT

x(t) xs(t)

Karabchevsky et Al,  
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ÜæáÚÛ Úîáæñ òÝðæä ëáîð çæÞÙ òÝØ

Continuous time signal despite

The fact that it represents the sampling

ëáîð çæÞÙ òÝØ

Continuous time 

signal

ÛáÛÙ çæÞÙ òÝØ
ÜðÛáé

Discrete time

signal

ὼ ὸ ὼὸɇὴὸ ὼὸ ὸ‏ ὲὝ

ὼὸ‏ὸ ὲὝ ὼὲὝ‏ὸ ὲὝ

This representation allows for usage with 

continuous signals and transforms

s

s



ÁReplace ὼὸwith ὼὲ ὼὲὝ

ÁPhysically
ÁCan be achieved using a switch

ÁMathematical model
ÁMultiply by a pulse (width ʐ, sampling period Ὕ)
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ÁWe sample ὼὸwith a pulse train ὴὸwhere each pulse is a delta function
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1) Assume:

ÁThen if we sample at T and so we replace Ô ὲὝ

2) If we sample the signal:

Áὼὲ ȩ

ÁOne canõt sample ‏ὸbecause ‏ὸ π=ЊȢNote, here ὼὲ is not ‏ὲ

ÁWe donõt sample ‏ὸ
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ὼὸ
Ὡ ȟὸ π
πȟ ὸ π

ὼὲ
Ὡ ȟὲ π
πȟ ὲ π

ὼὸ ὸ‏
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Nanoscale Advances 2021

ὴὸ ὸ‏ ὲὝ

Delta function can represent a point light source, single photon source



ÁWe want to sample in a way that allows the original signal to be reconstructed from 
the sampled signal

Áὼ ὸ is a continues signal despite it represents sampling!
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ÁLet ὼίὸcontinuous time signal with FT ὢίὮso ,‫

ÁBecause the impulse train is a periodic function, we can express it as a Fourier 
series
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Definition FT:  ὢίὮ‫ ᷿ ὼίὸὩ Ὠὸ

ὴὸ ὸ‏ ὲὝ

ὼὸ ὥὩ

ὥ
ρ

Ὕ
ὸὩ‏ Ὠὸ

ρ

Ὕ

ρ

Ὕ
Ὡ

We only need to integrate over 

a single period to find the 

Fourier series

Definition FS
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